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PREFACE. 



Do my readers remember the fable of the contest between 
Nature and Education ? — ^** Nature chose a vigorous young 
pine, the incipient mainmast of a man-of-war. But while she 
was feeding her pine with a plenty of wholesome juices, Edu- 
cation passed a strong rope round its top, and pulling it down- 
wards with all her force, fastened it to the trunk of a neighbor- 
ing oak. The pine labored to ascend, but not being able to 
surmount the obstacle, it pushed out to one side, and presently 
became bent like a bow. Still, such was its vigor, that its top, 
after descending as low as its branches, made a new shoot 
upwards ; but its beauty and usefulness were quite destroyed." 

Let the pine in this short tragedy represent those childish 
faculties which long to become acquainted with the actual 
world, and the cunning senses which wait on these faculties, 
and we have a true tale of the geometrical non-culture of the 
young. 

The curiosity which speaks in children's busy eyes and 
hands should be to us the voice of Nature, bidding us make 
our beginnings early. The infant, who cannot speak, gazes 
earnestly and thoughtfully at the most common object, return- 
ing to it, and glancing from one part to another, as if to learn 
their connection. When he can walk, he goes round it, 
handling it, and studying it with all his senses, ^hen he 
speaks, his questions are of size, form, and distance. If our 
answers are careless or unsatisfactory, his quick eyes and 
mind, not blunted by habit, detect our errors. He loves com- 
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paiison of objects, and the imaginary multiplication and exten- 
sion of them ; he is pleased with the new and the different, 
and equally pleased with resemblance and equality to things 
known before. 

Happy age of natural geometry ; when each look and mo- 
tion, nay his very games, lead the boy on to the laws which 
shape the spheres and hold the planets in their course. But 
I we put a rope around the pine — and the eye grows dull and 
careless, and the faculties are starvelings — ^and the youth hears 
with a stupid indifference what he sought instinctively ten 
years before. He no longer loves comparison — ^his conceptive 
faculty disdains such materials ; he cares not for properties of 
circles and triangles, things long familiar to his eye, and whose 
closer acquaintance he does not desire. 

Feeling this injustice to nature, I sought a work on Geome- 
try, which should connect the instincts of the child with the 
studies of the youth ; which should in a pleasurable manner 
develop the powers, inform the memory, strengthen, sharpen, 
and expand the understanding. I found some German works 
which pleased me ; particularly, one by Diesterweg, an author 
of distinguished reputation, and the Director of a Prussian 
Normal School, which treats the subject in a masterly manner, 
though it does not bring it down, as I wished, to the busiest 
and most questioning age. 

From these works, at my suggestion, the " Introduction to 
Geometry" has been prepared. Many alterations and additions 
were necessary to adapt them to the modes of instruction 
usually pursued in our schools ; but the original and natural 
mode of development has been carefully preserved, and must 
interest students of every age. 
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All is tangible, orderly, and leading to some conclusion. 
Solids are first presented, and their properties, particularly 
symmetry of form, displayed ; difierent solids are compared, 
and each is minutely described by the pupil, and a skeleton of 
its surface constructed. He considers the solid as bounded by 
surfaces ; the surfaces by lines ; and at last he separates the 
immaterial form from the material substance. 

Then lines are taken up, and the possible number and variety 
of their intersections are proved geometrically by interesting 
exercises, and arithmetically by series which might be difficult, 
were they not presented in so simple and orderly a manner. 
Angles are treated in the same systematic manner, and experi- 
ments are made on them, requiring much ingenuity and 
accuracy. 

Then^ foUow the principal propositions of the Elements of 
Geometry, which are made more interesting to the student by 
introducing examples of their practical utility. The book thus 
recommends itself equally to the practical student, and to him 
to whom it is the stepping stone to more abstruse knowledge ; 
and it is hoped that it will contribute to make this study, which 
is nothing less than the study of the laws according to which 
the universe exists, as popular as it should be. 

The Author of the Theory op Teaching. 

1* 
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EXPLANATION OP SIGNS. 



Mathematicians have adopted the following Signs to ex« 
press the operations and relations which are of most frequent 
occurrence. 

-}- is the Sign of addition. For example, AB + BC means 
that the length of the line AB is to he added to that of BC. 
It is read AB plus (or more) BC. The result of the oper- 
ation is called the sum of the two lines. 

— is the Sign of subtraction. AB — CD means that the 
length of CD is to be taken from AB. It is read AB minus 
(or lesi) CD. The result of the operation is the difference 
of the two lines. 

X is the Sign of multiplication. AB X CD is read AB into 
CD, and the result of the operation is the prodtict, 

-7- is the Sign .of division. AB -r- CD is read AB divided by 
CD, and the result of the operation is the quotient. 

^ is the Sign for greater than. AB ]> CD means that the 
line AB is longer than CD. 

<^ is the Sign for less than, AB <^ CD means that the line 
AB is shorter than CD. 

s=: is the Sign of equality. AB = CD means that the line 
AB is equal to the line CD. The whole forms an equa* 

tion, 

2* 
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CO is the sign of similarity. ABC to DEF means that the 
triangle ABC is similar to DEF. 
AB means a square each side of which is eqaal to the line 
AB. 
To avoid the frequent repetition of the term right angle^ 
the abbreviation R. A. is substituted. Thus 2 R. A. is read 
two right angles. 



PART FIRST. 



EXAMINATION AND IMITATION. 



In the following exercises the real solid bodies should 
be presented to the scholars. The scholars should first 
examine the solid which is the subject of the exercise, 
and then solve the questions and problems which may 
be proposed. It is intended that the drawings should 
be made without the assistance of a ruler, or of math- 
ematical instruments. 



THE CUBE. 

1« What is to be remarked in the Cube 7 

In the cube we remark 6 surfaces, — 1 upon which it 
rests, 1 opposite to- that, and 4 upright surfaces; 12 
straight lines which bound the surfaces, — 4 above, 4 
below, and 4 upright ; 24 angles made by the meeting 
of these straight lines, 4 in each surface; 8 corners made 
by the meeting of 3 surfaces, — 4 above and 4 below; 
12 angles made by the meeting of 2 surfaces, — 1 at each 
straight line ; 3 surface axes, that is, imaginary straight 
lines from the middle of one surface to the middle of the 
opposite surface, upon which the cube may be supposed 
to turn ; 4 comer axes, or imaginary straight lines pass- 
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ing from comer to comer, through the middle point of 
the cube ; 6 line axes, or imaginary straight lines passing 
through the cube as before and joining the middle 
points of two lines. 

Each of these surfaces is a plane surface, or simply a 
plane ; that is, if we take two points in any part of it 
and connect them by a straight line, such line will touch 
the surface through its whole length. The surfaces of 
the cube, and indeed of every solid bounded by planes, 
are called the faces of the solid ; the lines where the 
faces meet are called edges or sides. The angles made 
by the meeting of two faces are called plane angles ; 
the comers, or angles made by the meeting of 3 faces, 
are called solid angles. 

9. Let us seek if any of the parts which have been 
mentioned are equal one to another. Each corner is of 
the same size and shape as each of the others. All 6 
faces are equal one to another. No side is longer or 
shorter than another side ; all are equally long. All the 
24 line angles are equal. Each face has 4 equal angles. 

A figure having 4 angles is called a tetragon, from two 
Greek words, meaning /owr and angle; or more com- 
monly a quadrilateral^ which iiiea.n8 four-sided, because 
it has also 4 sides. Every quadrilateral in which all the 
sides and angles are respectively equal, one to another, 
is called a square; thus, the faces of the cube are 
squares. Every angle of the square is a right angle ; that 
is, such an angle as is made by one straight line meet- 
ing another so as to make the adjacent angles, (that ;is, 
the angles made on each side of itself,) equal; such 
lines are perpendicular one to the other. Thus, the adja- 
cent sides of the cube are perpendicular to one another, 
because they make right angles with 6ach other. The 
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faces also make right angles with one another, and are 
therefore perpendicular. 

The opposite faces of the cube are parallel to each 
other ; that is, they are in all parts at the same distance 
from each other, and would never meet however far they 
were extended in every direction. If the cube lies upon 
one of its faces upon a table, the surface of which is 
parallel to water at rest, the position of such face and of 
its bounding lines is horizontal; the position of the op- 
posite face and its bounding lines is also horizontal ; the 
faces have like positions, they are parallel. The other 
faces of the cube have an upright or vertical position ; 
that is, such a position as a leaden weight, hanging 
freely, gives to a string.. 






QUESTIONS. 

1. What relative positions have the faces of the 
cube ? Which are opposite to one another ? 

2. To how many edges is each edge of the cube per- 
pendicular?^ 

3. To how many faces of the cube is each edge per- 
pendicular? 

4. To how many faces is each face perpendicular? 

5. How many faces of the cube are parallel one to 
another ?J) . 

6. If the cube lies on a horizontal surface, how many 
of the edges will have a horizontal, Imd how many a 
vertical position ? 

3« You may now draw upon your slate all that has 
been remarked in the cube. 

1 . Straight lines. Draw straight lines from above to 
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below, from below to above, from the left to the right, 
from the right to the left, from left below to right above, 
from right below to left above, from left above to right 
below, from right above to left below. Draw, in each 
of the foregoing 8 directions, 6 straight lines parallel to 
one another, and of equal length. 

Draw 2 straight lines which shall touch at one 
point. 

Draw many pairs of lines which shall come together, 

{{produced, that is, made longer. 

Draw many lines, which, if produced, will form one 
line. 

2. Angles, Draw two straight lines which shall be 
perpendicular to one another, and thus make a right 
angle. 

Make right angles in all the positions in which you 
have drawn the first straight lines. 

Point out the lines on the walls or furniture of this 
room which appear to form right angles. 

3. Faces. Draw lines forming a square. 
Draw many squares in different positions. 

Draw 6 squares of which each succeeding one shall 
be larger than the one preceding it. 

Draw many pairs of squares, in each of which one 
square shall be equal to the other. 



THE TRIANGULAR PRISM. 

4« We will now examine this upright triangular 
prism. It is bounded by 5 faces ; 2 of these are trian- 
gles, that is, figures having 3 angles; and 3 are quad- 
rilaterals. The 2 triangles are placed opposite one to 
the other, are parallel, and of equal size, and their sides 
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are of equal length ; they are called the bases of the 
prism. From the form of the bases the prism takes its 
distinctive name ; thus the cube is a qtmdrangvlar prism. 
In the triangular prism the 3 quadrilaterals touch one 
another ; each joins the other two ; together they form 
the convex surface of the prism. Upon the triangles it 
is said to stand; upon the quadrilaterals to lie. 

The triangular prism has 6 corners, or solid angles. 
If the prism stands^ 3 corners are placed above and 3 
below ; if it lies^ 4 corners will be below, 2 above. At 
each comer 3 line angles meet. 

Each triangle is bounded by 3 edges or sides; each 
quadrilateral by 4. There are 9 sides ; each side belongs 
to two figures; 6 of them, each to one triangle and one 
quadrilateral; the other 3, each to two quadrilaterals. 
At each comer 3 sides meet. In this prism t(ie 3 sides 
belonging solely to the quadrilaterals are perpendiculai 
to those which belong also to the triangles ; the sides of 
the triangles are not perpendicular one to another. The 
opposite sides of the quadrilaterals are parallel each to 
each. The 6 sides common to the triangles and quad- 
rilaterals are equal one to another ; the 3 sides which 
belong to the quadrilaterals alone are likewise equal one 
to another. 

S. We will now consider the angles. 

1. The plane angles. At each side there is a plane 
angle. The triangular prism has 9 plane angles; 6 at 
the sides common to the triangles and quadrilaterals, 
and 3 at those which belong to the quadrilaterals alone. 
Iq this prism the former are right angles, the latter are 
not right angles. 

2. Tlie line angles. Each triangle has 3 line angles^ 
each quadrilateral has 4. Thus in the 2 triangles there 
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are 6; in the 3 quadrilaterals there are 12 ; consequently 
in the whole prism there are 6 + 12 = 18 line angles. 
Three of these angles me^t at each comer. The 12 
angles of the quadrilaterals are right angles. The 6 
angles of the triangles are not right angles. The cor- 
responding angles of the two triangles in all prisms must 
have a like position ; and the lines which form the cor- 
responding angles are respectively parallel. 

In ill 3 triangles each side is opposite to an angle ; in 
the quadrilaterals each side is opposite to another side, 
and each angle to another angle. 

In the triangular prism we can suppose 1 surface axis ; 
3 edge-face axes ; 6 corner-€dge axes. 

We will now examine triangular prisms which are 
not upright, those whose bases have unequal sides, and 
those which are truncated so that their bases are no 
longer parallel to one another. 

6. Angles which are not right angles have the com- 
mon name of oblique angles. An oblique angle may be 
greater or less than a right angle ; if it be greater than 1, 
but less than 2 right angles, it is called an obtuse angle; 
if it is greater than and less that 1 right angle, it is 
called an acute angle. We compare these angles with 
a right angle, because the magnitude of a right angle is 
constant, and always remains equal to itself. It follows 
from, the definition of a right angle, that all right angles 
are equal. But all obtuse angles are not equal ; neither 
are all acute angles equal. 

The magnitude of an angle does not depend upon the 
length of the lines which form it, and which are called the 
sides or sometimes the legs of the angle ; but upon their 
inclination one to the other. We may make the sides 
longer or shorter, still the magnitude of the angle re- 
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mains the same ; but change the mutual inclination of 
the sides, and the magnitude of the angle is changed. 

7, A quadrilateral in which the sides opposite to 
each other are parallel, is called a parallelogram. 
Draw upon your slates the following figures : — 

1. A right angle ; an obtuse angle ; an acute angle. 

2. 6 acute angles ; of which each succeeding shall be 
greater than that which precedes it. 

3. 6 obtuse angles; of which each succeeding shall 
be greater than the one which precedes it. 

4. A parallelogram. 

5. 2 parallelograms ; one with right angles, and the 
other with oblique angles. 

6. Parallelograms in which two of the sides shall be 
twice, thrice, 4 times longer than the other two. 

7. A parallelogram having its sides equal and its 
angles equal ; that is, a square, 

8. A parallelogram in which all the angles shall be 
right angles, but the sides shall not be equal ; that is, a 
rectangle. 

9. A parallelogram with equal sides, but unequal an- 
gles, that is, a rhombus or lozenge ; then a parallelogram 
with unequal sides and unequal angles ; that is, a rhomr- 
boid. You will remark that in the rhomboid, as also in 
the rectangle, the sides opposite to each other are equal. 

10. A quadrilateral having two sides parallel to each 
other, the other two not parallel; that is, a trapezoid} 
then a quadrilateral having no two sides parallel, that 
is, a trapezium,. 

11. A triangle with one right angle; called a right 
angled triangle, or simply a right triangle. 

A triangle with one obtuse angle; called an obtuse 
angled triangle. 
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A triangle with three acute angles ; called an acute 
angled triangle. 

A triangle with three equal sides; called an equi-- 
loUeral triangle. 

A triangle with two of its sides equal; called an 
isosceles triangle. 

A triangle with no two sides equal ; called a scalene 
triangle. 

Note, — Other prisms, as the pentagonal, hexagonal, 
&c., may be examined in a similar manner. 

8. A figure bounded by straight lines is called a rec- 
tilineal figure or polygon. A polygon is regular if all its 
sides are equal, and all its angles are equal ; otherwise 
it is irregular. 

Curvilineal figures are bounded by curved lines ; and 
mixtilineal partly by curved, and partly by straight lines. 

9* Draw upon your slates the following figures : — 

A triangle with equal sides and equal angles, that is, 
a regular triangle. 

A regular quadrilateral ; a regular 5-sided figure^ that 
is, di pentagon. 

A regular 6-sided figure, that is, a hexagon. 

A regular 7-sided figure, that is, a heptagon. 

A regular '8-sided figure, that is, an octagon. 

A regular 9-sided figure, that is, a nonagon. 

A regular 10-sided figure, that is, a decagon. 

An irregular triangle, quadrilateral, pentagon, &c., to 
the decagon. 

THE CYLINDER. 

10« Let US now examhie the cylinder. A round pillar 
is a cylinder standing up ; a roller is a cylinder lying 
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down. The cylinder is bounded by 2 plane surfaces, and 
1 curved surface. The 2 plane surfaces, called the bases 
of the cylinder, are parallel ; they are of equal size, and 
each is bounded by a curved line, all parts of which are 
equally distant from the middle point of the surface. In 
this upright cylinder the bases are perpendicular to the 
curved surface, or convex surface of the cylinder, as the 
whole taken together is called. The convex surface is 
curved in one direction ; in the direction from one base 
to the other straight lines may be drawn in it. We can 
suppose a straight line joining the middle of the bases; 
this is the axis of the cylinder. 

If we suppose a rectangle to revolve about one of its 
sides as an axis, the side opposite to this axis will de- 
scribe the convex surface of the upright cylinder, and 
the other two sides will describe its bases. 

We will now examine the oblique cylinder, the fluted 
cylinder, and the cylinder which has been cut in a 
direction not parallel to the base.^ 

11. A surface no part of which is plane is called a 
curved surface. A plane surface bounded by a curved 
line, all parts of which are equally distant from the mid- 
dle point, or centre of the plane, is called a circle. The 
curved line bounding it is called a circumference. The 
term circle is sometimes improperly used for circumfer- 
ence ; but a circle is a surface ; a circumference is a line 
bounding such surface. Any portion of the circumfer- 
ence is called an arc^ from a Latin word meaning a bow; 
a straight line joining the two extremities of an arc is 
called a chord, from a Latin word meaning a string, A 
chord divides the circle and its circumference into two 
parts; each portion of the circle is called a segment; each 
portion of the circumference is an arc; thus a segment 
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is a surface ; an arc is a line. If the chord passes through 
the centre of the circle it is called a diameter, and it will 
divide the circle and its circumference into two equal 
parts, called respectively semi-circles and semi-circum- 
ferences. A straight line drawn from the centre to any 
point in the circumference is called a radivs. Two radii 
drawn in directly opposite directions form a diameter. 
A straight line which, however far it may be produced 
in both directions, touches the circumference only at 
one point, is called a tangent: the point where it touches 
the circumference is called the point of contact. 

13. Draw upon your slates these lines and figures: — 

A circumference; mark the centre of the circle. 
Draw a radius, a diameter, another chord, and a tan- 
gent. 

Six circumferences of circles having a common centre. 

Two circumferences intersecting each other. 

Divide a circle and its circumference into 4 equal 
parts by diameters. 

An equilateral triangle in a circle, so that the sides 
of the triangle shall be chords of the circle. 

An equilateral triangle about a circle, so that the 
sides of the triangle shall be tangents to the circle. 

A square in a circle. A circle about a square. 

A square about a circle. A circle in a square. 

A regular pentagon in a circle. A circle about a 
regular pentagon. 

A regular pentagon about a circle. A circle in a 
regular pentagon. 

Note, — The pyramid, the cotie, and the sphere can be 
examined and treated in a manner similar to that in 
which we have treated the prisms and the cylinder. 
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13. Let US now compare together the cube, the tri- 
angular prism, and the pentagonal prism. In order to 
avoid the frequent repetition of the names, we will desig- 
nate the triangular prism by the letter A, the cube by 
B, and the pentagonal prism by C. 

1. Surfaces, All three bodies are bounded by planes ; 
A by 5 ; B by 6 ; and C by 7. The convex surface of 
each is composed of rectangles; A has 3; B has 6; C 
has 5. A is likewise bounded by 2 triangles ; C by 2 
pentagons. 

2. Corners or solid angles. A has 6; B has 8; C 
has 10. 

3. Edges or sides, A has 9 ; B has 12 ; C has 15. 
A has 6 sides equal one to the other, and 3 equal one to 
the other ; B has all the sides equal. C has 10 equal 
one to another, and 5 equal one to another. 

4. Plane angles. A has 9 ; B has 12 ; C has 15. lu 
A 6 are right angfes, and 3 acute angles. In B there 
are 12 right angles. In C are 10 right angles, and 5 
obtuse anglesy 

5. Line angles, A has 18; B has 24; C has 30 line 
angles. 

In A 6 angles are acute, and 12 are right angles ; in 
B all the 24 angles are right angles ; in C 20 are right 
angles, and 10 are obtuse angles. At each corner of A 
are 2 right and 1 acute angles ; at each corner of B are 
3 right angles ; at each corner of C are 2 right and 1 
obtuse angles: thus we have 2 right angles at each 
comer of each of these bodies. 

6. Axes, Face axes A has 1. B 3. C 1. 

Corner axes A 0. B 4. O 0. 

Edge axes A 0. B 6. 0, 

Corner face axes A 0. B 0. 0. 

Corner edge axes A 6. B 0. 10. 

3« Edge face axes A 3. B 0. C 5. 
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t 

DRAWING THE OUTLINES OF THE SOLID BODIES. 

14, We will now endeavor to represent upon a plane 
surface the 5 faces of the triangular prism in connexion. 
This body is bounded by 2 equilateral triangles opposite 
one to the other, and 3 rectangles in contact one with 
another ; and our drawing, or diagram, must conform 
to this. We must therefore construct 3 rectangles in 
contact, and the 2 triangles, one at each end of one of 
the rectangles. (Fig. 1.) 

In a similar manner may be represented the quadran- 
gular, pentagonal, and hexagonal prism ; the cube ; the 
cylinder ; the cone ; the triangular, quadrangular, pen- 
tagonal, and hexagonal pyramid. (Figures 2 to 11.) 

j^Qte, — ^It would be useful to have these representa- 
tions of the solid bodies drawn on pasteboard, the figure 
cut out all round, and incisions made in the lines where 
the several parts of the bodies unite, so that the paste- 
board may bend and form the bodies drawn upon it. By 
means of these the truth of the representations will at 
once be perceived. 

THE REOULAR SOLIDS. 

IS. A regular solid is one, all the faces of which are 
equal regular polygons ; that is, in which all the line, 
plane, and solid angles, all the faces, and all the sides, are 
respectively equal. There are five regular solids, the 
names of which are formed from the Greek word signi- 
fying seat, or face, combined with the Greek numeral 
denoting the number of seats or faces in the solid. 

1. The ietraedron, which is bounded by 4 equilateral 
triangles, 
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2. The octaedron, bounded by 8 equilateral triangles. 

3. The icosaedron, bounded by 20 equilateral tri- 
angles. 

4. The hexaedron, or cube, bounded by 6 squares. 

6. The dodecaedron, bounded by 12 regular pentagons. 

The name polyedron is used to denote any solid 
bounded by planes, whether it be regular or irregular. 
It is derived from the Greek, and signifies fnany-faced. 

Exercises, similar to those which have preceded, may 
be performed with the regular solids. It will be very use- 
ful to have models of these solids, made either of wood 
or pasteboard. The scholars may make these models 
for themselves, of clay, turnips, potatoes, &c. It will be 
very useful for them to draw upon paper, or some plane 
surface, a skeleton, or representation of the faces of each, 
as they are shown in figures 6, 77, 78, 79, 80. 

EXERCISES ON FIGURES. 

16« The teacher may dictate to the scholars a figure, 
that is, he may tell them what lines to draw upon their 
slates ; or he may himself draw a figure upon the board, 
and desire the scholars to tell, or draw, all that they 
remark in the figure. A few examples will suffice to 
show the mode of proceeding. 

Write down all that you remark in this figure, (having 
drawn figure 12.) The scholars will find as follows. 

Figures. 1 square ; 4 triangles, — each composed of 
2 triangles ; 4 smaller triangles ; 4 pentagons. 

Lines, 6 lines, — 4 which bound the square, and 2 
inside the square ; 3 lines meet at each corner ; the two 
interior lines cut each other at one point. 

Angles. 4 angles in the square ; 4 at the point in the 
middle ; the 4 angles of the square are divided into 8 



14 EXAMINATION AND IMITATION. 

parts; in the 4 large triangles are 12 angles; and in the 
4 small triangles there are likewise 12 angles; 4 right 
angles in the square; 4 right angles at the middle point; 
8 acute angles in the triangles. 

17. The bounding lines of the square, or of any poly- 
gon, taken together, form the pp-imeter of such polygon. 
The straight lines within the square are cdXleA. diagonals ; 
thus a diagofial is a straight line joining the vertices of 
any two angles of a polygon, which are not already 
connected by one of the bounding lines. 

18. Tell me all that you remark in this figure. 
(Fig. 13.) 

Figures. Rectilineal. The same as in fig. 12. 
CurvUineal. 1 circle. 
Mixtilineal. 4 large and 4 small two-angled 
figures ; 4 large and 4 small triangles. 

Lines. Straight. The same as in fig. 12. 

Curved. 1 circumference ; 4 semi-circum- 
ferences; 4 quarter-circumferences; 4 
three-quarter-circumferences. 
Angles. Rectilineal. The same as fig. 12. 

Mixtilineal. 8 mixtilineal acute angles ; 8 
mixtilineal right angles: 8 mixtilineal 
obtuse angles. 

19« We will now draw a figure from dictation; 
each one upon his slate. 

A straightiine ; bisect it, that is, divide it into 2 equal 
parts ; at the division point draw a line perpendicular to 
the first line, and of the same length ; bisect the per- 
pendicular ; connect the end and middle points of the 
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perpendicular by straight lines with the end and middle 
points of the first line. 

Now write down all that has been done ; mention the 
figures that are formed ; and whatever you remark in 
those figures. 

SO* In the preceding exercises we have become 
acquainted with : — 

1. A Solid, which has extension in length, breadth, 
and thickness. 

2. A Surface, which is the boundary of a solid, hav- 
ing extension in length and breadth only. 

3. A Line, which is the boundary of a surface, and 
has extension only in length. 

4. A Point, which is the extremity of a line, and has 
only a position; it has no extension, either in length, 
breadth, or thickness. 

The science which treats of the measure of extension 
is called Geometry, from two Greek words which 
signify to measure lo.nd ; thus denoting the purpose to 
which the science was first applied. 



PART SECOND. 



RECKONING- AND CONSTRUCTION. 



I. Points; 

31* Let us consider how often 2, 3, 4, or more points 
can be placed in a different order of succession. We 

will first take 

2 points^ which we will designate by the letters a 
and 6. 

We may have a on the left, b on the right ; 

a on the right, b on the left. 

Thus we have 2 ways, a 6, 6 a, that is, 1x2. 

3 points^ a, 6, c. Two points give 2 ways, a 6, ba. 
Now take c with a b. It may occupy the 3d, 2d, or 1st 
place. This gives abc^acb^cab^S ways. Now take 
c with b a, and we shall again have 3 ways, bac, bca^ 
c b a, — in all 6 ways, that is, 1x2x3. 

4 points, a, b, c, d. We can take the six preceding 
ways, and add the 4th point d to each of the 6. The 
1st was abc; add d; it may occupy either the 4th, 3d, 
2d, or 1st place ; thus, abed, abdc, ad be, da be, 
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in all 4 ways. Just so each of the above 6 gives 4 
ways, therefore in all 4 X 6 = 24= 1 X 2 X 3 X 4. 

By observing the several series of numbers, which 
we have found, we may determine the general rule. 
On the addition of each successive point, the number 
of the preceding ways has been multiplied by the 
number which denotes the present number of points. 
Therefore to find the number of diflFerent combinations 
which can be made with any number of points ; Mul- 
tiply together the natural series of numbers from one up 
to, and including, that number which denotes the number 
of the given poi7its. 

33. What is the greatest number of points at which 
any given number of straight lines may intersect one 
another 7 

Answer, 2 straight lines can only touch each other 
at one point, and this point is common to the 2 lines. 

3 straight lines. The 3d line may intersect each of 
the preceding ; and thus we have 2 points more ; this 
gives in the whole 1 -f- 2 = 3 points. 

4 straight lines. The 4th line inay intersect each of 
the other 3, and thus we have 3 new points ; 1+2 + 3 
= 6 points, (fig. 14.) 

In a similar manner the 5th line may intersect each 
of the other 4 lines, and in general each successive line 
may intersect all which precede it. Thus with each 
successive line there will be as many new points as 
there were Imes already. 

The 6th line gives 5 new points. 
7th " " 6 " " 
100th '' " 99 " " 
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Rule. To find the greatest nutnher of points of inter ^ 
section^ which a given number of straight lines nuiy 
make : add together the naturai series of numbers from 
1 up to J but vnthout inchuUng, that number which makes 
the number of Unes. 

1 line gives points. 

2 lines give 1 " 

3 " " 1+2 = 3 " 
20 *' '' 1 + 2 + 3 + .. ..+19 = 190 " 

We can arrive at the same result by a shorter process. 
It is evident that straight lines may be drawn in such a 
manner, that each line shall intersect all the others. 
Take, for example, 20 lines ; each of these may inter- 
sect the other 19. Thus there will be 19 points in each 
line; this would give in all the lines 19x20 = 380: 
but each point is common to two lines ; we must there- 
fore divide this product by 2 ; thus for 20 lines we have 

20 X 19 

— - — = 190. Thus we get another rule; Multiply 

the number of lines by the same number less 1, and divide 
this product by 2. 

SK3* We will now reverse the operation. Let us sup^ 
pose the greatest number of points at which a certain 
number of straight lines ca?t intersect one another to be 
45 ; what is the number of lines ? 

Answer. We have already learnt that the number of 
intersection points is the half of the product of two num- 
bers differing from each other only by 1. We must 
therefore multiply the given number by 2, and then seek 
for two numbers, differing from each other only by 1, 
which multiplied together will give this product. For 
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example, 45x2==90==10x9; therefore the number 
of lines which will give 45. points of intersection is 10. 

34. The intersecting straight lines may be divided 
into many sets. 

We will first suppose them to be divided into 2 sets, 
and will consider several diflferent cases. 

1. The lines of eouch set parallel among themselves. 
Example. Six lines are divided into 2 sets, one of 

which has 4 lines and the other 2 lines ; the 4 are pai:;al- 
lel one to the other, and the 2 are parallel to each other. 
What is the greatest number of intersection points? 
Answer. Each line of one set intersects each line of the 
other set, thus we have 4x2 = 8. 

Ten straight lines may be divided into 2 sets as fol- 
lows : — 

9 and 1, which gives 9x1 = 9 points. 
8 and 2, " " 8x2 = 16 " 
7 and 3, " " 7x3 = 21 " 
6 and 4, " " 6x4=24 " 
5 and 5, " " 5x5=25 " 

Observe the series of numbers, 9, 16, 21, 24, 25; the 
diflferences between the successive numbers form the 
series 7, 5, 3, 1. 

2. The lines of each set intersecting amxmg themselves 
at one pointy as in this figure. (Fig. 15.) Here the 
lines of each set give one intersection point among them- 
selves. The lines of one set also intersect the lines of 
the other. Multiply the number of lines in one set by 
the number of lines in the other set, and add 2 to the 
product ; we shall thus have the number of intersection 
points. 

4 
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The number 12 being divided into 

10 and 2 gives (10 X 2) +2=22 points. 
9 and 3 " (9x3) +2 = 29 " 
8 and 4 '' (8x4) +2 = 34 " 
7 and 5 " (7x5) + 2 = 37 " 
6 and 6 » (6x6) + 2 = 38 " 

3. The lines of one set parallel to one another, and 
the lines of the other set intersecting one another at one 
point. In this case each line of the second set intersects 
each line of the first set, and the lines of the second set 
give one intersection point besides. To ascertain the 
whole number of points, we must multiply the numbers 
of the two sets together and add 1 to the product. 

Example. Divide the number 16 into 2 sets as fol- 
lows, the 1st column being the number of lines in the 
set of parallels. 

14 and 2 give (14 x 2) + 1 = 29 

13 and 3 '' (13x3) + l = 40 

12 and 4 '' (12x4) + 1 = 49 

11 and 5 " (11x5) + 1 = 56 

10 and 6 " (10x6) + 1 = 61 

9 and 7 " (9x7) + l = 64 

8 and 8 " (8x8) + l = 65 

The series of numbers, 29, 40, 49, 56, 61, 64, 65, 
gives the series of differences 11, 9, 7, 5, 3, 1. 

4. The lines of one set parallel, and the lines of the 
other set intersecting one another at the greatest number 
of points. Each line of the second set " intersects each 
line of the first set ; the number of points at which the 
lines of the 2d set intersect one another must be calcu- 
lated by the rule before given, (995.) The nmnber 20, 
for example, being divided 
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Into 18 and 2, gives (18x2) + 



2X1 
2 



17 and 3, 

16 and 4, 
15 and 5, 

14 and 6, 
13 and 7, 
12 and 8, 
11 and 9, 
10 and 10, 



37 
54 
70 



(I7x3)+i|^ 

(16x4) + i|^ 
(15X5) + ^^ = 85 
(14X6)+^ 
(13X7) + ^ 
(12X8) + ^ 
(11X9)+^^ 
(10X10)+^ 



= 99 
= 112 
= 124 
= 135 
= 145 



The series of numbers, 37, 54, 70, 85, 99, 112, 124, 
135, 145, gives a series of differences 17, 16, 15, 14, 13, 
12, 11, 10. 

By continuing the preceding calculations, (1, 2, 3,) a 
series of differences is obtained, the reverse of those 
already obtained. 

By continuing the calculation for lines divided into 
sets in this manner, (4, 5,) the series simply progresses.^ 

5. The lines of one set intersectmg 07ie another at the 
greatest number of points, and the lines of the other set 
intersecting one another a£ one point. 

In this case, first calculate the number of points in the 
first set ; then multiply the number of lines of the 2d set 
by the number of lines in the 1st set, because each line 
of the one set intersects each line of the other set, and 
add 1 to the product, because the lines of the 2d set also 
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intersect one another at one point. Divide the number 8 
into 6 and 2, it gives^4^+ (6 X 2) + 1=28 
into 6 and 3, « ^^+ (5 X 3) + 1 =26 

into 4 and 4, " i^+(4x4) + l=23 '. 

^ / 1 

39. Let us now suppose the lines to be divided into 
3 sets. 

1. The lines in each set parallel among themselves. 
In this case each line of one set can intersect each line 
of the other two sets. To find the greatest number of 
intersection points, the numbers which the sets contain 
must be multiplied together in pairs. If then the num- 
bers in the 3 sets be 

6. 2, and 2, we have (6x2)+(6x2)+(2x2)=28 points 
5,3,and2, " (6x3)+(5x2)+(3x2)=31 " 

4. 3, and 3, " (4x3)+(4x3)+(3x3)=33 « 

4. 4, and 2, " (4x4)+(4x2)+(4x2)=32 " 

2. The lines of the 1st and 2d sets parallel among 
themselves, and the lines of the 3d set intersecting one 
another at one point. In this case, the lines of the first 
two sets intersect one another, and the lines of the 3d 
set, besides intersecting all the lines of the other two, 
give one intersection point among themselves. If the 
numbers in the 3 sets be 



8, 2, 2 we have (8x2)+[(8+2)x2] + 1 =37 po 
7, 3, 2 <^ (7x3)+[(7+3)x2] + 1 = 42 
7, 2, 3 " (7x2)+[(7+2)x3] + 1 = 42 
6, 4, 2 " (6x4)+[(6+4)x2] + 1 = 45 
6, 2, 4 '' t.6x2)+[(6+2)x4] + 1 = 45 
6, 3, 3 " (6 X 3)+ [(6+3) X 3] + I = 46 



nts 
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3. 7%c lines of each set intersecting among themselves 
at 1 point. In this case every line of each set intersects 
every Une of the other 2 sets, and there are 3 points 
besides. Therefore the numbers in the 3 sets must be 
multiplied together in pairs, and 3 be added to the pro- 
duct. 

Suppose the number in the 3 sets to be 

3, 3, 3 we have (3 X 3) + (3 X 3) + (3 X 3) + 3 = 30 
4,4,4 '' (4X4) + (4x4) + (4x4) + 3= 51 
6, 6, 6 '* (6 X 6) + (6 X 6) + (6 X 6) + 3 = HI 

2.3.4 " (2x3) + (2x4) + (3x4) + 3= 29 
3,4,6 " (3x4) + (3x5) + (4x5)-h3= 50 

4. The lines of the \st set paj^allel to one another • 
those of the 2d set intersecting one another at 1 point • 
those of the Zd set intersecting one another at the greatest 
number of points. The calculation must be made ac- 
cordingly. If the 3 sets are 

6.5.5 wehave(5x5)-|-l-|-[(5+5)x5]+(^)= 86 ps. 

6.6.6 " (6x6)+I+[(6+6)x6]+(^)=124 " 
8,8,8 " (8x8)+l+[(8+8)x8]+(^)=221 - 
6,10,4 « (10x6)+l+[(6+10)x4]+(^)=13r' 

(J. Lines. 

36. Let us now calculate how many straight lines 
may be drawn between a given number of points, of 
which only two lie in the same direction. 

1. Between 2 points^ only 1 straight line can be 
drawn, and these determine the length and position of 
the line ; a straight line, drawn from the 1st point to the 
4* 
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2d, will coincide with a straight line drawn from the 
2d to the 1st. To coincide is to fall on, and exactly fill 
the same space. 

2. Between 3 points. In this case we may have 3 

distinct straight lines, viz., from the 1st point to the 2d, 

from the 2d to the 3d, from the 3d to the 1st. We can 

state it in this manner ; from each of the 3 points straight 

lines may be drawn to the other 2 points ; thus, from each 

point 2 lines ; consequently, from the 3 points 3x2^6 

lines. But each line is thus counted twice; for the 

straight line from the 1st point to the 2d is the same as 

that drawn from the 2d to the 1st; therefore the product 

3x2 must be divided by 2. The number of straight 

3x2 
lines that can be drawn between 3 points is — 5— = 3. 

3. Between 4 Points, Straight lines may be drawn 
from each of these 4 points to each of the other points ; 
thus from each point 3 straight lines, and therefore from 
4 points 4 X 3 = 12 straight lines. For the reason be- 
fore given, this is twice the real number ; the true num- 

ber IS —3 — = 6. 

4. Between Jive or more points. We may take any 
number of points, the process will be the same. Straight 
lines can be drawn from each point to every other point. 
Therefore from each point as many lines can be drawn 
as there are points less 1. We can now form the gene- 
ral rule. Multiply the whole number of points by the 
same number less 1, and divide the product by 2. 

7 X (7 n 

Between 7 points may be ^ ^=21 lines. 

« 12 " 12 X (12 l) ^_Qg ti 

,. 50 «' 52A(|ziI) = i225« 
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The converse problem should be solved, namely, the 
number of straight lines which may be drawn between 
an unknown number of points being given, required the 
number of points. 

27. Every part of a straight line which is bounded 
by two points in that line, is called an extent. Two 
or more contiguous extents form together a compound 
extent. 

We will now calculate the number of single extents 
between a given number of points in a straight line. 

Between 2 points lies 1 

3 " "2 

4 " "3 

10 « "10 — 1 

Thus the number of single extents between ainy 
number of points in a straight line is one less than the 
number of points. 

We will now calculate the number of single and 
compound eoctents between a given number of points in 
a straight line. 

2 points. Between 2 points lies 1. 

3 points. From each point to every other point may 
lie one. Thus from 3 points there would be 3 X 2 = 6 ; 
but as each line goes out from 2 points, and has there- 
fore been reckoned twice, the true number of extents is 
^(3X2) = 3. ^ 

4 or more points. From every point may proceed as 
'many extents as there are points beside this one. There- 
fore to find the numher of single and compound extents 
in a straight line, multiply the given number of points 
by the same numher less 1, and divide this product by 2. 
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2x1 

Between 2 points may lie — 5 — = 



(( 


3 


({ 


tc 


3X2 
2 "* 


a 


4 


({ 


(I 


4X3 - 
2 = ^ 


u 


12 


it 


ii 


^2><" 66 



28. What is the greatest number of diagonals which 
can be drawn in any polygon 7 

Ans^oer. 1. A triangle can have no diagonal, for 
the vertex of each angle is already connected with the 
vertices of each of the others. 

2. A qiiadrilateral. One diagonal can be drawn from 
the vertex of each angle to the vertex of one of the 
others. But each diagonal connects 2 vertices, there- 
fore there can be only two diagonals in a quadrilateral. 

3. In a pentagon are 5 vertices ; each is connected 
with 2 others by the bounding lines ; therefore from 
each vertex only 2 diagonals can be drawn ; from the 5 
vertices 2 X 6 = 10 ; but this is double the real num- 
ber, which is — 5 — =6. 

4. If we extend the examination to hexagons, we 
shall find that so many diagonals can be drawn from 
the vertex of each angle of a figure, as the figure has 
sides less 3 ; each vertex being already connected with 
2 others by the bounding lines. 

Rule. To find the number of diagonals that may be 
drawn in a. polygon, multiply the number of its sides or 
angles by the same number less 3, and divide this pro^ 
duct by 2. 
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In a triangle -<5 ' = diagonals. 



quadrilateral ^ ^ — - = 2 

6(5 — 3) ^ 
pentagon — 1-- — / = 6 



u 



« 



L Suppose the greatest number of diagonah which 
can be dravm in a polygon to be 35, how many sides has 
the polygon 7 

Answer. This number 35 is the half of a product 
found by multiplying together two numbers, whose dif- 
ference is 3. We must therefore seek for two numbers 
whose difference is 3, and whose product is 70. These 
numbers are 10 and 7. The figure has 10 sides. \. 

SO. We will now calculate the whole number of ex- 
tents which m^ay lie between the points of intersection of 
straight lines intersecting one another at a given number 
of points. . 

Suppose the lines intersect at the greatest number of 
points. After finding the greatest number of points 
(S3) in which each line is intersected, we must find 
the number of extents in each line, (97^) and multiply 
this product by the number of lines ; we shall thus get 
the whole number of extents. 

Example. If 6 straight lines intersect at the greatest 

number of points, then each line will intersect the other 

6 lines. In each line will be 5 points of intersection, and 

5x4 
between 5 points lie — ^ — = 10 extents ; thus between 

the points of intersection of the 6 lines lie 6 X 10 = 60 
extents. 

In 7 straight lines there wijl be 7 — 1 = 6 points in 
each; 
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(7_l)xl7^^^^^^ . ^ ^jj , j.^^3 7x(7-l)X(7-2) 

extents. 
In the same manner, 
3 lines give 32i(3=:a>i(3i:?)=3x2>a _ 3 

,, 4X(4— 1)X (4—2) _ 4X3X2 ._ 

2 ~ 2 ~ 

,, 5 X (5— 1) X (5—2) 5X4X3 _ 
2 2^ = ^^ 

« 6 X (6—1) X (6—2) ^ 6X5X4 

2 2 



5 

6 

10 

20 



12 



= 60 



^^ lOx (1 0-1 ) X (10-2) 10X9X8 _ ^.^ 

2 — 2 — •^^^ 

,, 20x(20—l)x(20-2) 20X19X18 ,,^^ 

2 2 —• ^^" 



31. TF(5 w?iZ/ now compare lines together in regard to 
their length. • 

2 Lines are either equal or unequal. Call one A, the 
other B. Then A is either equal or not equal to B , 
and in the latter case A may be either longer or shorter 
than B. 

3 Lines may all be of equal length. 

2 may be equal, 1 not equal. 
All may be unequal. 3 cases. 

4 Lines, All equal. 

3 equal — 1 not equal. 

2 equal — 2 not equal, but equal to one an- 
other. 

2 equal — 2 not equal, and not equal to each 
other. 

All unequal. 5 cases. 
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6 lAnes. All equal. 

5 equal — 1 unequal. 

4 equal — 2 unequal, but equal to each other. 

4 equal — 2 unequal, and unequal to each 
other. 

3 equal — 3 unequal, but equal one to an- 
other. 

3 equal — 3 unequal, but 2 equal to each other. 

3 equal — 3 unequal, and unequal one to an- 
other. 

2 equal — 4 unequal, but equal one to another. 

2 equal— 4 unequal, but 3 equal one to 
another. 

9 equal — 4 unequal, but equal by pairs. 

2 equal— 4 unequal, and of these 2 are 
equal to one another, the other 2 un- 
equal. 

2 equal — 4 unequal, and unequal one to an- 
other. 

All unequal. 13 cases. 

Of these cases some are alike. The 8th is the same 
with the 3d, and the 9th with the 6th. Thus there are 
in all 11 different cases. 

We can arrive at the same result by numbers with- 
out reference to forms. It is only necessary to seek 
into how many sets 6 can be divided, so that the sum 
of the numbers of each set shall be 6. 



6 
5 
4 
4 
3 
3 



1 
2 

1 + 1 
3 

2 + 1 



3 -J 


l-lH 


hl + 1 




2- 


-2- 


-2 


2- 


-2- 


-IH 


f-l 


2- 


-1- 


-1- 


-IH 


hi 


1- 


-1- 


-1- 


-1- 


hl + 1 




1 


ICa 


ses. 
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III. Angles. 

33, We wUl now seek the number of angles which 
can be made by a given number of straight lines. 

Two straight lines may make 1, 2, or 4 angles, (fig. 16.) 
Three straight lineSj if they meet at 1 point, may 
make at least 2, at most 6 angles, (fig. 17.) - 

If they meet at 2 points, they may make at 
least 2, at most 8 angles ; they cannot make 7 
angles, because 3 angles cannot be formed at one 
point by 2 straight lines. / 

If they meet at 3 points, they make at least 3, 
at most 12 angles; but never 11 angles. 

In these calculations only the simple angles are con- 
sidered. When three or more lines meet at one point 
beside the simple angles, others are formed which are 
the sum of two or more angles, and which may be called 
compound angles. If three lines meet at one point, 
beside the two simple angles, a third is formed of these 
two added together. 

33. We will now consider the Jdnd^ as well as the 
number^ of the angles which may be made by a given 
number of straight lines. 

I. Two straight lines may make, (fig. 18,) 



either 1 Right 


2 Rights 


4 Right 


or 1 obtuse 


or 1 ob. ) 


or 2 ob. I 


or 1 acute 


and 1 ac. i 


and 2 ac. \ 



II. Three straight lines meeting at 1 point. 

1. No line passing beyond the point of meeting. 
1 R. and 1 ac. 3 ob. 
(fig. 19,) or 1 ob. and 1 ac. 1 R. 2 ob. (fig. 20.) 
or 2 ac. 2 ob. 1 ac. 
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2. One line passing beyond the point of meeting^ 
(fig. 21.) 



2 ob. 2 ac 

2 R. 1 ob. 1 ac. 

3 ac. 



1 R. 2 ac. 
1 ob. 2 ac. 



3. Two lines passing beyond the point of meeting, 
(fig. 22.) 
y 1 R. 1 ob. 3 ac. 

3 R. 2 ac. 
2 ob. 3 ac. 
1 ob. 4 ac. 

4 All three lines passing beyond the point of meet- 
ing, (fig. 23.) 

2 R. 4 ac. 
2 ob. 4 ac. 
6 ac. 

III. TTiree straight lines meeting at 2 points^ (fig. 24.) 
1. No line passing beyond the points of meeting. 





2 R. 


2 ob. 




1 R. 1 acl 


1 ob. 1 ac. 




1 R. 1 ob. 


2 ac. 


2. 


When 1 line passes 1 point, (fig. 25.) 




3 R. 


1 R. 1 ac. 1 ob. 




2 R. 1 ac. 


2 ob. 1 ac. 




2 R. 1 ob. 

• 


1 ob. 2 ac. 


3. 


When 1 line passes 2 points, (fig. 26.) 




4 R. 




2 R. 1 ob. 1 ac. 




2 ob. 2 ac. 




5 
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4. When 2 lines pass beyond the junction-points, 
(fig. 27.) 



4 R. 

2 R. 1 ob. 1 ac. 

2 ob. 2 ac. 

6 R. 

4 R. 1 ob. 1 ac. 



6 R. 

4 R. /I ac. 
4 R. 1 ob. 



1 R. 2 ob. 2 ac. 
3 ob. 2 ac. 

2 ob. 3 ac. 

3 ob. 3 ac. 

2 R. 2 ob. 2 ac. 



5. When all the lines pass beyond the junction- 
points, (fig. 28.) 



6 R. 

4 R. 1 ob. 1 ac. 

2 R. 2 ob. 2 ac. 

3 ob. 3 ac. 



8 R. 

4 R. 2 ob. 2 ac. 

4 ob. 4 ac. 



IV. Three straight lines meeting at 3 paints, 

1. When no line passes a junction-point, (fig. 29.) 

1 R. 2 ac. 
1 ob. 2 ac. 
3 ac. 

2. When 1 line passes 1 point, (fig. 30.) 



2 R. 2 ac. 

1 R. 1 ob. 2 ac. 



2 ac. 2 ob. 
1 ob. 3 ac. 



3. When 1 line passes 2 points, (fig. 31.) 



2 R. 1 ob. 2 ac. 
1 R. 2 ob. 2 ac. 



3 ob. 2 ac. 
2 ob. 3 ac. 



3-2. When 2 lines pass through the same point, 
(fig 31-2.) 



4 R. 2 ac. 

1 R. 2 ob. 3 ac. 



2 ob. 4 ac. 

3 ob. 3 ac. 



4. When 2 lines pass each 1 point, (fig. 32.) 



2 R. 1 ob. 2 ac. 
1 R. 2 ob. 2 ac. 



3 ob. 2 ac. 
2 ob. 3 ac. 
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6. When 1 line passes 2 points and another passes 

1, (fig. 33.) 
2 R. 2 ob. 2 ac. 4 R. 1 ob. 2 ac. 

. 3 ot. 3 ac. 2 R. 2 ob. 3 ac. 

1 R. 3 ob. 3 ac. 3 ob. 4 ac. 

4 ob. 3 ac. 

6. When 2 lines pass 2 points each, (fig. 34.) 

4 R. 2 ob. 2 ac. 
2 R. aiob. 3 ac. 
4 ob. 4 lac. ^ 

7. When 3 lines pass 1 point each, (fig. 35.) 



2 R. 2 ob. 2 ac. 

3 ob. 3 ac. 

4 R. 1 ob. 2 ac. 
2 R. 2 ob. 3 ac. 



1 R. 3 ob. 3 ac. 
4 ob. 3 ac. 
3 ob. 4 ac. 



8. When 1 line passes 2 points, and 2 lines pass 1 
point each, (fig. 36.) 



4 R. 2 ob. 2 ac. 
2 R. 3 ob. 3 ac. 
4 ob. 4 ac. 



4 R. 2 ob. 3 ac. 
1 R. 4 ob. 4 ac. 

5 ob. 4 ac. 

4 ob. 5 ac. -^ 



9. When 2 lines pass 2 points each, and 1 line passes 

1 point, (fig. 37.) 

4 R. 3 ob. 3 ac. 
2 R. 4 ob. 4 ac. 
6 ob. 5 ac. 

10. When each line passes 2 points, (fig. 38.) 

4 R. 4-pb. 4 ac. 
6 ob. 6 ac. 



34* If there be only one angle at a point, we desig- 
nate it by the letter at the vertex , as the point where 
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the sides meet aad form the angle is called. If there 
be more than one angle at the same point, we make 
use of three letters, as, (fig. 39,) BAG, CAD, &c., the 
letter at the vertex of the angle being placed in the 
middle ; or we sometimes use one letter placed within 
the vertex ; as the angle BAG may also be called the 
angle x. 

Now let us suppose the side AG of the acute angle 
BAG to depart more and morg from AB, so as suc- 
cessively to reach AD, AE, and AF. By this move- 
ment, the mutual inclination of the sides AB and AC 
will be changed, and the angle BAG will become greater 
and greater: thus BAD is a right angle; BAE is an 
obtuse angle ; BAF is in fact no angle at all, though it 
is sometimes considered as equal to two right angles ; 
for BAD is a right angle ; therefore DAF must be a 
right angle ; since by the definition of a right angle they 
are equal. If we wish to make more than two angles 
at the point A, on the same side of the line BF, it can 
only be done by dividing one or both of these right 
angles, and the whole taken together will only be equal 
to 2 R. A. In like manner the sum of all the angles 
which can be made on the other side of the line BF, at 
the point A, is equal to 2 R. A. ; therefore the sum 
of all the angles, which can be made about the point 
A, or about any point, is equal to 4 R. A. 

Let us suppose the side AG to be moved forward 
until it coincides with AG ; then BAG can be consid- 
ered as an angle ; this angle, which is greater than ^ 
R. A., is called a convex angle. All angles not convex 
are cancave angles. Obtuse, right, and acute angles are 
all concave angles. Wherever there is a concave angle, 
there will also be a convex angle. 

9S* We will now seek hmo many concave and convex 



ANGLES. 35 

angles may be formed by straight lines going out, or 

RADIATING /rOTT^ 1 point 

Ttco straight lines may form 2 angles, viz. : 1 convex 
and 1 concave. 

Three straight lines may form 6 angles, viz. : 3 convex 
and 3 concave. 

The whole number of angles formed at a point is 
double the number of the concave angles. For as there 
is a convex wherever there is a concave angle, we may 
reckon two angles at each vertex. 

The number of simple and compound angles always 
equals the number of concave and convex, for the sum 
of each is the greatest possible number of angles. 

Four straight lines. Each straight line, or ray, may 
form 2 angles with each of the other rays; therefore each 
ray 3x2 angles; 4 rays 4x3x2 angles. But each 
angle has 2 sides; therefore the product 4x3x2 must 

be divided by 2 ; thus we have 5 = 4 X 3 = 12 

angles. 

We may proceed in a similar manner with any 
number of rays. We shall find this general rule. To 
find the number of angles, both concave and convex, 
made by a given mtmher of straight lines radiating 
from one point ; Multiply the number of lines by the 
saTne number, less 1. 

2 straight lines give 2x1 = 2 angles. 

3 " " 3X2 = 6 " 
5 « " 5X4 = 20 " 

20 '' " 20 X 19 = 380, <fcc. 

36. Suppose a given number of simple angles to be 
formed about a point, let us consider what kind of angles 
they m^ay be, 

5^ " • 
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1. Of two angles^ one will be a concave angle less 
than 2 R. A. ; the other a convex angle greater than 3 
R. A. As much as the one is less than 2 R. A., by just 
so much will the other be greater than 2 R. A., since the 
sum of both is equal to 4 R. A. For the same reason 
there can only be one convex angle about a point. 

2. Three angles. There may be 3 concave, or 2 
concave and 1 convex. If the 3 concave angles are 
equal, each is an obtuse angle ; if they are not equal, 
there may be either 3 obtuse, or 2 obtuse and 1 R. A., 
or 2 ob. and 1 ac. 

There may be 4 concave, or 3 con- 
The 4 concave angles may be as 



3. Fmir angles. 

cave and 1 convex. 

follows : 
4 R. A. 

2 R. A. 1 ob. 1 
1 R. A. 2 ob. 1 



ac. 
ac. 



1 R. A. 1 ob. 2 ac. 



3 ob. 1 ac. 
2 ob. 2 ac. 
1 ob. 3 ac. 



7 cases. 



ST. We will now consider the kind of concave angles^ 
which different polygons may have. * 
1. The Quadrilateral. 



4 R. A. 

2 R. A. 1 ob. 1 ac. 
1 R. A. 2 ob. 1 ae. 
1 R. A. 1 ob. 2 ac. 

2. The Pentagon. 

5 ob. 
4 ob. 1 R. A. 

-4 ob. 1 ac. 

3 ob. 2 R. A. 
3 ob. 1 R. A. 1 ac. 

3. The Hexagon. 

ent cases. 



3 ob. 1 ac. 

2 ob. 2 ac. 

1 ob. 3 ac. 
7 cases, (fig. 40.) 

3 ob. 2 ac, 

2 ob. 3 R. k.^ 
2 ob. 2 R. A. 1 ac. 

-2 ob. 1 R. A. 2 ac. 
-2 ob. 3 ac. 10 cases. 
Of this there may be 10 differ- 









FIGURES. 37 

S8. What is the greatest number of convex angles 
which a rectilineal figure may have? 

A convex angle, when it occurs in a figure, is called a 
re-entering angle, because the vertex is directed in- 
wards; the concave angles are called salient angles. 
In all the rules and remarks, figures with salient an- 
gles only are intended, except the contrary is expressly 
stated. 

A triangle can have no convex angle. 

A quadrilateral can have 1 convex angle. 

A. pentagon " '* 2 " " 

A hexagon " " 3 " " 

In general, in any rectilineal figure there may be, at 
the most, as many convex (or re-entering) angles as the 
figure has sides less 3. 

In every rectilineal figure there must be at least 3 
concave angles. 



IV. Figures. 

30. What is the greatest numier of triangles which 
can deformed toith a given number of straight lines ? 

1. Three straight lines can form 1 triangle, neither 
more nor less. 

2. Four straight lines may intersect one another at 6 
points, (S3.) In each line there would be 3 intersection- 
points, and between 3 points there may be 3 extents, 
(27.) Upon each extent there may be one triangle, and 
thus there would be as many triangles as there are extents. 
The number of extents is 3 X 4 = 12. But each trian- 
gle has 3 sides, and therefore we have reckoned each tri- 
angle 3 times in the above estimate. We must therefore 
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divide the product 12 by 3 to obtain the real number of 

12 
triangles. It is — = 4. 

3. 5 straight lines. If 6 straight Unes intersect one 
another at the greatest number of points, there will be in 
each straight line 4 intersection-points. Between 4 points 

4X3 
there may be — ^ — extents ; therefore, in the 5 lines 

there are extents. Upon each of these ex- 

At 

tents may be one triangle, and thus triangles. 

But in this calculation each triangle is counted 3 times, 

*u f *u* V .1IT.5X4X3 6x4x3 
therefore the true number will be — - — - — or — - 

2x3 1X2X3 

= 10. 

From these examples we may deduce the rule. To find 

the greatest number of triangles which may he formed by 

a given number of straight Unes, m^ultiply the number 

of tJte lines by the product of the two numbers preceding 

it in the natural 07*der of the numbers, and divide the 

product thus obtained iy 1 X 2 X 3. 

7x6x5 

7 straight lines can form at most - — - — 5= 35 triangles. 

1 X ^ X «> 

8 " " " X7Xo p^fi c{ 

1X2X3 

20 " " " ^0 X 19 X lo H40 ti 

1X2X3 



4M>. What number of parallelograms can be formed 
by ttao sets of parallel lines crossing each other? (figs. 
41 and 42.) 

1. 3 parallels in one set, and 2 i7i the other set. 
There will be as many parallelograms as there are inter- 
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vals between the 3 parallels ; for all the intervals will be 
enclosed by the 2 intersecting parallels. Between the 3 
parallels there will be as many intervals, single and com- 
pound, as there are extents between 3 points in a straight 

3x2 

line, that is — - — =3. Consequently, in the supposed 

case, 3 parallelograms are formed. 

2. 4, 5, 6, or more parallels in one set, and 2 paral- 
lels in the other set. Find as before the number of inter- 
vals, single and compound, in each. set, and multiply 

2x1 
them together. But 2 parallels give — ^ — = 1 interval; 

we have therefore only to find the number of intervals 
in the other set, and it will be the required number of 
parallelograms. 

4paTallels crossed by 2 parallels give — ^ — = 6 parallePms. 

5x4 
6 « « 2 " r_^=10 « 

g c « 2 " ^_^=15 « 

From these examples, the rule for finding the number 
of parallelograms formed by the intersection of any 
number of parallel lines by 2 parallel lines is apparent. 
Multiply the number of the lines of the former set by the 
same number less 1, and divide this product by 2. 

3. Let there be any number of parallels in each set, 
and we have this rule for finding the number of paral- 
lelograms made by the intersection of the two sets. 
Multiply the number of intervals between the parallels of 
one set, by the number of intervals between the parallels 
of the other. 

10 parallels crossed by 10 parallels give 

10 X 9 10 X 9 „^^ 

— jr- — X — 5 — = 2025 parallelograms. 
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6 parallels crossed by 4 parallels give 

— ^ — X-~— = 90 parallelograms. 

12 parallels crossed by 30 parallels give 
12X11 30X29 



X 



2 



= 28.710 parallelograms. 



The rule may be thus expressed : Multiply the mini' 
ber of line9 in each set taken separately by the same 
nufnber less 1 ; take half of each product ; rmdtvply these 
half-products together^ and this last product will be the 

41. We will now set down in a tabular form the 
number of parallelograms formed by intersecting sets of 
parallel lines. It may be done in the familiar manner 
of the multiplication table. Set down the numbers for 
one set in a horizontal series, and the numbers for the 
other set in a vertical series, and the number of par- 
allelograms formed by the intersection of the 2 sets 
directly under the one, and opposite to the other. 



lie] 


s 1 


2 


3 


4 


5 6 7| 


li 


1 u 


{) 











2 





1 


3 


6 


10 16 21 


3 





3 


9 


18 


30 46 63 


4 





6 


18 


36 


60 90 126 


6 





10 


30 


60 


100 150 210 


6 





15 


45 


90 


150 225 315 


7 





21 


63 


126 


210 315 441 



The numbers of the first vertical series are the same as 
those of the first horizontal series ; the numbers of the 
second vertical series are the same as those of the second 
horizontal series, and. so on. 
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The differences between each two successive numbers 
of the horizontal and of the vertical series are as follows : 



The First 




















Second 


1 


2 


3 


4 


5 


6 


Third 


3 


6 


9 


12 


15 


18 


Fourth 


6 


12 


18 


24 


30 


36 


Fifth 


10 


20 


30 


40 


60 


60 


Sixth 


15 


30 


45 


60 


75 


90 


Seventh 


21 


42 


63 


84 


105 


126 



Again, remark the difference between each two suc- 
cessive numbers of the horizontal and also of the vertical 
series in this table. 

The horizontal series give these differences, viz. : 

1st horizontal series 

2d 

3d 

4th 

6th 

6th 

The vertical series give these differences, viz. : 
1st. 2d. 3d. 4th. 5th. 6th. 





















1 


1 


1 


1 


1 


1 


3 


3 


3 


3 


3 


3 


6 


6 


6 


6 


6 


6 


10 


10 


10 


10 


10 


10 


15 


15 


16 


16 


16- 


15 



1 


2 


3 


4 


5 


6 


2 


4 


6 


8 


10 


12 


3 


6 


9 


12 


16 


18 


4 


8 


12 


16 


20 


24 


5 


10 


15 


20 


26 


30 


6 


12 . 


18 


24 


30 


36 



Once more, remark the difference between the suc- 
cessive numbers of the series last formed. 
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In the horizontal they are as follows, viz. : 



1st 




1 


I 


1 


1 


2d. 




2 


2 


2 


2 


3d. 




3 


3 


3 


3 


4th. 




4 


4 


4 


4 


6th. 




6 


6 


6 


6 


6th. 




6 


6 


6 


6. 


In the vertical 


they are 








1st. 2 


d. 


3d. 


4th. 


5th. 


6th. 




2 


3 


4 


6 


6 




2 


3 


4 


6 


6 




3 


3 


4 


5 


6 




2 


3 


4 


6 


6 




3 


3 


4 


6 


6 



Note, The preceding tables of diflferences are given 
as an example of the manner in which a subject should 
be treated. The scholar should be accustomed to ex- 
amine a subject in all its relations. 

43. Into how many triangles can a rectili?ieal figure 
be divided by diagonals not intersecting one another 7 

The vertex of each angle is already connected by the 
bounding lines with the vertices of 2 other angles ; there 
remain then just as many vertices with which each 
vertex is not connected, as the figure has sides less 3. 
Consequently there may be as many diagonals not in- 
tersecting one another, as the figure has sides less 3. 

1. The triangle. This can have no diagonal; for 
3 — 3 = 0. 

2. The qvudrilaieral. Here we have 4 — 3=1 di- 
agonal, which will divide the figure into 2 triangles. 

3. The pentagon. Here we have 5 .r- 3 = 2 diago- 
nals, dividing the figure into 3 triangles. 
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In each case we have, one more triangle than we have 
diagonals, and hence we may infer the general rule. If 
as many diagonals be drawn in a rectilineal figure as 
can be without one intersecting another, there will be 
formed as many triangles as the figure has sides 
less 2. 

In a quadrilateral 4 — 2 = 2 triangles. 

In a hexagon 6 — 2 = 4 " 

In a decagon 10 — 2 =: 8 " &c. 

43. We will now consider the number and kind of 
figures into which a rectilineal figure may be divided by 
straight lines drawn at pleasure. 

1. The triangle, (fig. 43.) A line drawn from the 
vertex of an angle to the opposite side divides the trian- 
gle into 2 triangles. A line drawn from one side to 
another side divides the triangle into 1 triangle and 1 
quadrilateral. 

2. The quadrilateral, (fig. 44.) A Ime drawn from 
the vertex of an angle may meet a side, or the vertex 
of another angle. In the former case 1 triangle and 1 
quadrilateral, in the latter case 2 triangles, are formed. 

A line drawn from one side of the quadrilateral may 
meet either the adjacent or the opposite side. In the 
former case 1 triangle and 1 pentagon, in the latter case, 
2 quadrilaterals, are formed. Fig. 45. 

Note, In the preceding exercises one or two exam- 
ples only have been given, to show the manner of pro- 
ceeding. Each teacher can increase the number at his 
pleasure. 

V. Solids. 

44. We will now find by calculation the number of 
lines and angles in a prism,. 
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I. Lines. 1. Edges or Sides. 

mu . • 1 • u 2X3+3X4 
The triangular prism has ^ 



quadrangular 

pentagonal 

hexagonal 



(( 



(< 



<( 



2x4+4x4 

2 
2X5+5X4 



= ^=3X3 
= '-^=3X4 



2 
6X5 



2 — 2 — 

2X6+6X4_6X6_ 



3X5 



3X6 

Rule. MuUiply the number of sides in the base by 3. 
2. Axes. 



The triangular prism 
quadrangular 
pentagonal 
hexagonal 
heptagonal 
octagonal 
nonagonal 
decagonal 



Comer 
Axes. 


4 

6 

8 

10 



Edg« 
Azea. 


6 

9 


12 


15 



Face 
Axes. 

1 

3 
1 
4 
1 
5 
1 
6 



Comer 
Edge Axes. 

2X3 


2X5 


2X7 


2X9 





II. Angles, 1. Line Angles. 
Triangular prism ha^ 
quadrangular " 
pentagonal 
decagonal 

2. Plane Angles. 

Triangular prism has 



it 



n 
u 



6X3 

8X3 

10X3 

20X3 



Edire 
Face Axes. 

3 

5 

7 

9 




18 
24 
30 
60 



•6X3 



quadrangular " 



(( 



2 
8X3 



=9 



pentagonal " " 



decagonal 



(( (( 



2 
10X3 

2 
20X3 



=12 



15 



=30 
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3. Solid Angles. 

Triangulat prism has 2 X 3 = 6 

quadrangular " " 2x 4 = 8 

pentagonal " " 2 X 6 = 10 

decagonal " " 2 X 10 = 20 
That is, a prism has twice as many solid angles as 
its base has sides. 

4S. We will now find the number of lines and angles 
in a pyramid, 

I. The Lines, Edges or Sides. 

Triangular pyramid has-^— - — -i-iL_=6 

quadrangular " " (4x3) + 4^g 
pentagonal « " (5X3)+5 ^^q • 
decagonal " (10x3) + 10^gQ 

II. Angles, 1. Line Angles. 

Triangular pyramid has (3x3)+ 3 = 12 
quadrangular " " (4 X 3) -f 4 = 16 
pentagonal " " (5 X 3) + 5 =20 

decagonal " " (10 X 3) + 10 = 40 

2. Plane Angles. 

Triangular pyramid has -^^ ^^ ' = 6 

quadrangular " " ^^-^^^ + ^ =8 
pentagonal " " ^^^^^"^^=10 
decagonal « » (10X3) + 10 ^^^ 

4t 
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3. Solid Angles. 

Triangular pyramid has 
quadrangular " " 
pentagonal " " 
decagonal " " 


3+1 — 4 

4 + 1 — 5 

5 + 1 = 6 

10 + 1 = 11 ! 



46. We will nrnjojind by calculaiion the number of 
lines and angles in the regular solids. 

I. Lines, 1. Exterior. Edges or Sides. 

4X3 



Tetraedron has 



Octaedron " 



Icosaedron " 



= 6 



8X3 



2 
20X3 



-=13 



Hexaedron 



cc 



2 
6X4 



=30 



Dodecaedron " 



2 
12X5 



= 12 



= 30 



2. Interior. Axes. 

Comer Axes. 

Tetraedron has 



Octaedron " 5^^^ 

12 
Icosaedron " ■0' = ^ 

8 

Hexaedron " 5 ^^ "* 
Dodecaedron" -p"™!^ 



Face Axea. 



§=4 

2 

12 „ 

2=® 



Edge Axes. Comer 
Face Axes. 

1=' 



12 , 

2- = ^ 
^-15 



12 

2 
30 

IT 



= 6 



= 15 



4 
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II. Angles. 



Line Angles. 



Tetraedron has 4 X 3 = 12 
Octaedron " 8 X 3 = 24 
Icosaedron " 20 X 3 = 60 
Hexaedron " 6 X 4 = 24 
Dodecaedron " 12 X 5 = 60 



Face Angles. 

4X3 . 



= 12 
= 30 
= 12 
=30 



2 
8X3 


2 
20X3 


2 
6X4 


2 
12x5 



2 



Solid AnglM. 

= 6 
= 12 



3 
8X3 


4 
20X3 


5 
6X4 


3 
12X6 



8 



=20 



6* 



PART SECOND. 

SECTION SECOND. 

CONSTBUCTION. 



I. Lines. 

/ 

' 47. Hitherto we have drawn figures on the board, 

and on the slate, by the eye, without regard to strict 
accuracy ; we will now make use of instruments, and 
draw them with more care. 

To draw straight lines we make use of a ruler. That 
we may be accustomed to draw them in all positions 
of the ruler, we will take points in various parts of the 
paper, (or slate,) and connect them by straight lines, 
keeping the paper (or slate) always in the same posi- 
tion. 

48. To draw circular lines we make use of a pair of 
compasses. These must be opened to a certain dis- 
tance, the point of one leg fixed tight in the paper, and 
the point of the other leg moved on the surface of the 
paper about the fixed point, until the curved line thus 
made shall return into itself, and form a complete figure. 
This curved line is the circumference of a circle ; the 
point of the fixed leg is the centre of the circle. The 
size of the circle depends upon the greater or less dis- 
tance between the points of the compasses. The raduis 
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of the circle is exactly equal to this distance : hence, to 
express the size of a circle, we give the length of its 
radius ; thus we say a circle of 1 inch, 1 foot, or 1000 
feet radius. 

Many circles may be described^ that is drawn, about 
the same centre; and their circumferences will remain 
in all parts at the same distance one from another. Two 
such circles, besides having a common centre, have 
the surface of the smaller in common, and the difference 
between their surfaces is an annular surface or ring. 

49. Two circles in a plane may have various rela- 
tive positions. They may have a common centre, or 
they may not. In the latter case the circles may lie 
entirely apart, or their circumferences may meet at 1 
point on the outside, or/ may intersect at 2 points, so that 
they shall have in common a surface enclosed by 2 arcs. 
One circle may be entirely within the other, without 
having a common centre ; of this there may be two 
cases, viz., the circumferences may be entirely separate, 
or they may touch at 1 point. 

We will draw several figures and examine them. 
(Fig. 46.) 

In 1 the distance between the centres of the circles = 0. 

In 2 the distance is greater than the sivm of the 2 radii, 
by so much of the straight line joining the 2 cen- 
tres as lies between the 2 circumferences. 

In 3 the distance between the 2 centres is equal to the 
sum of the 2 radii. 

In 4 the distance is less than the sum of the 3 radii by 
so much of the straight line joining the 2 centres as 
iies between the intersecting arcs. 

In 6 the distance is less than the diflFerence of the 2 
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radii by so much of the radius of the greater circle 
passing through the centre of the lesser, as is. con- 
tained between the 2 circumferences. 
In 6 the distance is exactly equal to the difference of 
the radii. 

50. Suppose it is required to draw 10 straight lines, 
of which the 1st shall be 1 inch long, the 2d 2 inches 
long, and the 3d 3 inches long, and so on, the 10th being 
10 inches long. 

Draw a straight Une of any length ; open the com- 
passes so that the points shall be 1 inch apart, or, as it 
is more concisely expressed, take 1 inch between the 
points of the compasses, and apply them to the line. To 
get the 2d line, apply the compasses twice continuously 
to the line already drawn; or take 2 inches between 
the points and apply them once. Proceed in this man- 
ner; for the 10th line apply an opening of 1 inch 10 
times continuouslyr 

If it is required to draw a straight line which shall 
be 2, 3, 4 or more times as long as another line ; then 
draw a line of any length ; take this length between the 
points of the compasses, and apply it as often as is 
required to a line of indefinite length. 

How shall we cut from a long line a part equal to a 
shorter one? Take the length of the shorter one be- 
tween the points of the compasses ; apply them to the 
longer line, placing one point at the end of the line. 
The remainder of the long line is the difference between 
the lines. 

51. Suppose it is required to describe from the ends 
of the line AB, as centres, 2 circles which shall have the 
following relations one to the other. 
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1. Having nothing in convmon, (fig. 46. 2.) Fix one 
leg of the compasses at A, and with an opening less 
than AB, for example = AC, describe a circle. Then 
fix one leg of the compasses at B, and with an opening 
less than BO describe a circle. We have the 2 circles 
required. 

2. The surfaces having no part in common, but the 
circumferences touching at 1 point, (fig. 46. 3.) From 
A, as a centre, with an opening of the compasses, or, 
(to speak more technically,) a radius, less than AB, 
for example = AC, describe a circle; from B, as a 
centre, with a radius = BC, describe another circle ; we 
have the 2 circles required, which will touch each 
other externally. 

3. The Arcumferences touchihg at2 points, (fig. 46. 4.) 
From A, as a centre, with a radius less than AB, de- 
scribe a circle; from B, as a centre, with a radius . 
greater than BC, but less than B^, describe another aV 
circle ; we have the circles required. Suppose the line / 
BA to be continued to E, it is evident that the radius 

of the circle described from B may be taken either equal 
to or greater than BA. If it be taken = BE = B A -J- AE 
= BA + AC, (since AE and AC are equal, being radii 
of the same circle,) then the first circle will meet the 2d 
at one point only, viz. at JE. 

4. Having the surface of one in common, without the 
circumferences touching each other, (fig. 46. 5.) Pro- 
duce AB to C. From A, as a centre, with a radius AC, 
describe a circle ; from B, with a radius less than BC, 
for example = BD, describe another circle. We have 
the circles required. 

5. Having the surface of one in com/mon, and the 
circumferences touching at 1 point, (fig. 46. 6.) Pro- 
duce AB to any point C. From A, with a radius = AC, 
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describe a circle, and from B, with a radius = BC^ 
describe another circle. 

SS. To divide a straight line AB into 2, 4, 8, 16, ^c, 
equal parts ^ (fig. 47.) 

From A and B, as centres, with equal radii, which 
must be greater than J AB, describe two circles ; the 
circumferences of these circles will intersect at 2 points, 
C and D, one on each side of AB. Join C and D by a 
straight line. The line AB will be bisected at the point 
where CD crosses it. It is not necessary to describe 
entire circumferences ; 2 intersecting arcs on each side 
of AB will be sufficient. If the line is very long, or the 
compasses very small, we can take any 2 points in tlie 
line for centres, so they are at equal distances from the 
ends of the line. 

By a similar process bisect each half of AB, and the 
whole line will be divided into 4 equal parts, (ffig. 48.) 
Bisect each of these 4 parts, and the whole line will be 
divided into 8 equal parts. 

S3* To drato a curved line like a steel spring, (fig. 
49.) 

Draw a straight line, and take in it any point A. 
From A, as a centre, with a small radius AB, de- 
scribe a semi-circumference BC; then from B, as a 
centre, with radius BC, describe a second semi-circum- 
ference below the line AB ; then from A, with radius 
AD, describe a third semi-circumference above the line 
AB ; again from B, with a radius BE, describe a fourth 
semi-circumference, EF, below the line, and so on. 
There will thus be formed from connected semi-cir- 
cumferences a connected curved line. From the con- 
struction it is evident that AB = AC, BC = BD, and 
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AD=:AE, consequently BD = CE; BE = BF, con- 
sequently CE = DF, thus EC = BD = CE = DP. 

'<... ^ *^ » «^ «» „i^^ ,*. . .^.- 

sheU, (fig. 60.) 

Dra^ a straight line and take in it a point A. On 
each side of this point measure off in the line several 
small equal parts, for example 3, viz., AD, DH, HB, 
AC, CG, GL. From A, as a centre, with a radius AB, 
describe a circumference. Then, on each side of the 
line AB alternately, describe semi-circumferences, viz., 
from C, with radius CB; from D, with radius DE; 
from G, with radius GP. The required curved line 
will thus be formed. From the diagram it appears that 
LE contains 2 of the above equal parts ; BF has 4 ; EI 
has 6. 

SS« To draw a serpentine line, (fig. 51..) 
Divide a straight line into any number of equal parts, 
for example, 12. From the 1st, 3d, 5th, 7th, 9th, and 
11th points of division, as centres, with a radius equal 
to one part, describe semi-circumferences, alternately 
above and below the straight line. A curved line 
drawn in this manner resembles that made by a snake 
in motion, and is therefore called a serpentine line. 

tl6« To draw a line which curves like the waves, 
(fig. 52.) 

Draw 3 parallel straight lines at equal distances from 
one another. We can do this with a ruler, for if it is 
well made the two edges will be parallel ; draw lines 
along both edges, and we shall have 2 of the parallels; 
move the ruler and place one edge exactly upon one of 
the lines already drawn, then draw a line along the 
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Other edge, and we shall have 3 parallels. Divide 
these parallels into any number of equal parts, for 
example, 10. Then from the points of division 1, 3, 5, 
7, 9, alternately on one and the other of the exterior 
parallels, with a radius equal to the distance between 
the first division point and the end of the middle par- 
allel, describe arcs. These will be alternately above 
and below the middle parallel, and will form a contin- 
uous curved line, called a waving line. 

tS7. To draw an Ellipse^ (fig. 53.) 

Divide a straight line AD into 3 equal parts at the 
points B and C. From B, with radius BC, describe a 
circle; and from C, with radius CB, describe another 
circle ; the circumferences of these circles will intersect 
at 2 points, E and F. From E draw the diameters 
EG and EH ; and from F draw the diameters FI and 
FK. From. E, as a centre, with radius EG, describe 
the arc GH, and from F, with radius FI, describe 
the arc IK. Thus from the 4 exterior arcs IK, KH, 
HG, and GI, is formed a connected figure called an 
ellipse, 

58. To draw an Oval, (fig. 54.) 

Describe a circumference and divide it into 4 equal 
parts ; join the opposite division points by the diameters 
BC and DE ; draw CD and BD, and produce them be- 
yond D. From C, with radius CB, describe the arc 
BF; and from B, with radius BC, describe the arc 
CG ; and from D, with radius DF, describe the arc FG. 
The arcs BC, CG, GF, and FB form, together, a figure 
shaped like an egg. / 
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II. Angles. 

09. Before proceeding to the construction of angles, 
it will be well to make ourselves acquainted with the 
relation betWefen angles and arcs. We have before 
seen that as the ifide AC (fig. 39) departs from AB, 
the angle which it makes with AB is constantly in- 
creasing. Now let us suppose that each point in AC 
describes at the same time an arc of a circle. It is 
evident that such arcs bear a certain fixed relation to 
the angliB and to one another, since all are made by one ^^ 
and the same motion of the side AC, and begin, in«f jlr 
crease, and end simultaneously. These arcs differ in 
actual length ; but each is the same fractional part of a 
whole circumference; if we suppose each circumfer- 
ence to be divided into the same number of equal 
parts, these arcs will contain an equal number of such 
parts. 

It is usual to divide a circumference into 360 equal 
parts called degrees, and marked thus (°); for exam- 
ple, 40° is read forty degrees. As all circumferences, 
whether of great or of small circles, are divided into 
360®, it follows that a degreer is not a fixed quantity, 
but varies for every different circumference. It merely 
expresses the magnitude of an arc as compared with 
the whole circumference of which^ it is a part, and not 
with any other circumference. Each degree is divided 
into 60 equal parts called minvtes, and marked ('). 
Each minute is divided into 60 equal parts called 
seconds, marked ( " ). The division is sometimes car- 
ried to thirds ajid fourths, marked ('") (""). 

We are thus furnished with a very convenient method 
of mesusuring angles. As the mag;nitude of an anglei has 
7 
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no reference to the length of its sides, but to their 
mutual inclination, or the opening between them, either 
of the arcs described from its vertex as a centre, and 
itUercepted, (taken between,) by its sides, may be taken 
as the measure of the angle, for they all contain the 
same number of degrees; which number of degrees 
denotes the size of the angleji / 

00. If the side AC be moved entirely round the 
point A, it will have made 4 R. A. ; and at the same 
time each point in it will have described an entire cir- 
cumference ; thus a circumference, or 360**, is the meas- 
ure of 4 right angles; and therefore a quarter of a 
circumference, or qiuidranty as it is called, is the measure 
of 1 right angle; that is, the sides of every right angle 

360° 
will intercept an arc of — -r— = 90** in the circumference 

of a circle described from its vertex as a centre with 
any radius. We say therefore that a right angle is an 
angle of 90**; half a right angle is an angle of 45°; 
one third of a right angle is an angle of 30" ; two thirds 
of a right angle is an angle of 60°, &c. 

61* Having made ourselves acquainted with the 
principle upon which the mensuration of angles depends, 
we will now examine ihe protractor^ (fig. 55^^ which is 
an instrument used in plotting, that is, drawing upon 
paper angles whose magnitude is known ; or for meas- 
uring angles already drawn upon paper. It is a semi- 
circle of wood, metal, or horn, accurately divided into 
180". For the convenience of reckoning both ways, the 
degrees are numbered from the left towards the right, 
and from the right towards the left. The division lines 
are all drawn from a point in the middle of the diameter, 
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called the centre of ike protractor. This point is marked 
by a notch in the diameter. 

ttS. Another instrument, called a square, (fig. 66,) 
is also used for drawing and measuring right angles. 
This consists of two rulers fixed together at right angles 
with one another. Sometimes the ends of these two are 
connected by a third ruler, thus forming a right-angled 
triangle. We may ascertain if a square is accurately 
made in this very simple manner, (fig. 57.) Draw a 
straight line AB ; divide it into 2 parts at the point O. 
Apply one edge of the square to the part AO, placing 
the vertex of the right angle at O; then, by drawing a 
line along the other edge, make the angle AOC. Re- 
verse the square, keeping the vertex of the right angle at 
O, but applying one edge to the other part of the line 
AB ; viz. to OB ; draw a line along the other edge, and 
the angle BOD will be made. If OC and OD do not 
coincide, the sides of the square do not form exactly a 
right angle. The angle COD will be twice the differ- 
ence between the angle made by the 2 sides and a right 
angle. 

63. Having examined the construction of these in- 
struments, we will now proceed to use them. 

To make a right angle. 

Solution 1. With the Prot?'actor, It is required to 
make a right angle at the point O in the straight line AB, 
(fig. 48.) Apply the diameter of the protractor to the 
given line so that the centre shall fall exactly on the 
point O. Mark on the paper the point where the divis- 
ion 90" on the arc of the protractor falls. Suppose at 
C ; draw the straight line CO. This line will be per- 
pendicular to AB, and will make 2 R. A. with it. 
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Sol. 2. With the Square. Draw straight li^qs along 
the 2 sides which make the right angle, and at their 
point of junction a right angle will be made upon the 
paper. If one of the sides of the require4 angle be 
given, .apply one side of the square to this given line, 
and draw a line along the other side. 

Sol. 3. With the Compasses, (fig. 48.) Draw a 
straight line; take in it any point 0, and make 0A = 
OB. From A and B as centres with equal radii describe 
2 arcs which will intersect at C. Draw CO. The 
angles COA and COB are right angles. 

In the solutions of this probleni we have solved an- 
other problem also ; namely, that of erecting a perpen- 
dicular to a given straight line; for the line CO is 
perpendicular to AB. J 

64« To draw a perpendicular from a given point C 
to a given straight line AB, (fig. 48.) 

From the point C, with a radius g^reater than the 
shortest distance from C to the line AB, describe an arc 
which will cut AB at two points,j|f and L. From each 
of these points, with the same radius, describe an arc. 
These arcs will intersect each other at some point; 
suppose at M. A line drawn from C to d AB, pasidng 
through M, will be the perpendicular Required. 

6S. To make an angle the size of which is given in 
degrees, 

Sol, Draw a straight line. Apply to it the diameter 
of the protractor. Mark on the paper the point where 
the centre of the protractor lies, and also the point where 
the given number of degrees on the arc of the protractor 
lies. Connect these two points by a straight line, and 
the required angle will be made. 
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To make an angle equal to a given angle AOB, 

(fig. 58.) 

Sol. 1. With the Protractor, Measure the number 
of degrees in the given angle, and then make an angle 
of the same number of degrees. 

Sol. 2. With the Compasses. Draw the straight line 
CD. From O as a centre, with any radius, describe an 
arc which shall intersect the sides of the angle AOB. 
From C as a centre, with an equal radius, describe an 
arc, which will intersect the line CD at D. From D as 
a centre, with a radius equal to the chord AB, describe 
an arc which will intersect the former at the point E. 
Draw EC. The angle ECD = AOB. 

017m Through a given point C, to draw a line paral- 
lel to a given line AB, (fig. 61.) 

ISol. 1. From the point C let fall upon AB the per- 
pendicular DC. Upon DC at C erect the perpendicular 
CF, which is the line required. 

Sol. 2. Draw from C a straight line meeting AB at 
any point E. At C make an angle ECF = ang. CEB. 
CF is the line required. 

68. To divide a given angle O into 2, 4, 8, 16, ^c. 
equal angles, (fig. 59.) 

SoL From O as a centre, with any radius, describe an 
arc AB. From A and B as centres with equal radii 
describe 2 arcs which will intersect at C. Draw CO, 
and the angle AOB will be divided into 2 equal angles, 
COA and COB. 

Repeat this operation with each of the angles COA 

and COB, and the entire angle at O will be divided into 

4 equal angles. By continuing the process it may be 

divided into 8, 16, 32, &c. equal angles, 

7* 
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09* To make an angle which shall be 2, 3, 4, tipies^ 
or 2J h f ^^ great as the angle O, (figs. 69 and 60.) 

SoL From the point M, at which the vertex of the' 
new angle is to He, draw a straight line of any length. 
From M as a centre, with radius equal to OB, describe 
an arc, which will intersect the straight line at N. Be- 
ginning, at N measure on this arc 2, 3, or 4 times the 
length ol AB ; for example, NP, PS, &c. ; draw SM, 
and we shall have the angle SMN = 2 AOB. Or, divide 
the arc AB into 2, 3, or more equal parts, and measure 
one or more of these parts on the arc NS ; for example, 
NR = f AB ; draw RM ; the angle RMN = f AOB. 



X 



III. FlGUBES. 



CONSTRUCTION OF TRIANGLES. 



TO. To construct a triangle which shall be equal to 
another triangle ABC, (fig. 62.) 

1. Let the 3 sides of ABC be given. Draw a straight 
line EF equal to one of the given sides, for example, 
BC. From E as a centrje, with radius equal to a 
second side AB, describe an arc ; and from F, with a 
radius equal to the third side CA, describe another 
arc which will intersect the former at D. Draw the 
straight lines DE and DF. DEF is the required trian- 
gle. 

2. Suppose the side BC and the two adjacent angles B 
and C to be known. Draw a straight line EF = side 
BC. At the point E make the angle DEF = CBA, at 
point F make the angle DFE = ACB. Produce the 
sides of the angles E and F until they intersect at D. 
DEF is the required triangle. 
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3. Suppose the sides BO and BA, and the irppluded 
angle ABC, tp be known. Draw ja straight line EF = 
side BC. At point E make an angle DEF = CBA. 
Take ED = BA, and draw DF. DEF is the triangle 
required- 

That the triangles thug constructed are in each case 
equal tp the given triangle will be demonstrated hjere- 
after (ISO, IST, 137.) By equal figures we mean 
figures which coincide entirely when one is laid upon 
the other ; therefore equal figures must te similar. 

71 f To QOffistruct triangles in and about circles, 

1. 4?^ equilateral triangle^ (fig. 63) Diyide the jcir- 
cumference of a circle with the compasses jnto 3 equal 
parts. Join the division points by straight lines, and 
we shall thus construct an equilateral triangle in a 
circle. 

In an equilateral triangle constructed about a circle 
the sides are tangents to the circle at the above men- 
tioned division points of the circumference. To obtain 
these tangents draw radii to the division points; and 
upon the ends of these radii erect perpendiculars. Pro- 
duce these perpendiculars both ways until they inter- 
sect one another, and w^ shs^ll have an equilateral 
triangle constructed about a circle. 

2. A scalene ttnangle. Pi vide the circumference of a 
circle into three unequal parts. Join the division points 
by straight lines, and we shall thus have constructed a 
scalene triangle in a circle. Draw tangents to the circle 
at the division points, and produce such tangents in 
both directions until they intersect one another, and we 
have a scalene triangle about a circle. 
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Remark, The vertices of all the angles of each trian- 
gle constructed in a circle lie in the circumference of 
the circle. A figure, the vertices of whose angles are 
thus situated, is said to be inscribed in a circle ; and 
the circle is said to be circumscribed abotit the figvre. 
A figure, all the sides of which are tangents to a circle, 
IS said to be circumscribed about a circle, and the circle 
to be inscribed in the figure. 

79. To construct an equilateral triangle upon the line 
AB, (Pig. 64.) 

SoL From A as a centre, with a radius equal to 
AB, describe a circle ; and from B, with a radius BA, 
describe another circle. The circumferences of these 
circles will intersect at C and D. Draw the straight 
lines CA, CB, DA, DB. Two equilateral triangles 
will thus be constructed, which will be equal to each 
other. >^ 

A 

73. To construct an isosceles triangle upon the line 

AB, (fig. 65.) 

SoL From A and B as centres, with equal radii, 
describe two arcs intersecting at C. Draw the straight 
lines CA and CB. An isosceles triangle will thus be 
formed, of which AB is the base. 

74. To construct upon the line AB an isosceles trian- 
gle, whose equal sides shall be equal to a given line M, 

(fig. 65.) 

SoL From A and B as centres, with a radius equal 
to M, describe two arcs intersecting at C. Draw CA 
and CB. CAB is the triangle required. 
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VSm To construct a righi-^cmgled isosceles triatigle 
upwi the line AB, with a right angle odjacent to the sii/e 
AB, (fig. 66.) 

SoL At either of the points A or B erect a perpein- 
dicular to the line AB. In this perpendicular take 
BC = B A. Draw CA, and the required triangle will 
be consti:ucted. 

T6« To construct a right-angled isosceles triangle 
upon a straight line AB, with the right angle opposite 
to the side AB, (fig. 67.) 

SoL Bisect AB. From the division point C as a 
centre, with a radius equal to CA or CB, describe a 
semi-circumference. To AB at C erect a perpendicul^ir, 
which will meet the semi-circumference at its middle 
point F. Draw FA and FB. FAB is the required 
triangle. If the proposition were to construct a right- 
angled triangle in general, we could take any point ii;i 
the arc, and by connecting it by straight lines with A 
and B, should construct a right-angled triangle. 

77. To construct an obtuse-angled and an acute^ 
angled isosceles triangle, (fig. 67.) 

SoL Produce the perpendicular CF beyond the semi- 
circumference, and take in it the point D within, and 
the point E without the semi-circle. Draw DA, DB, 
EA, and EB. The triangle DAB is an obtuse-angled 
isosceles triangle, and the triangle EAB is an acute- 
angled isosceles triangle. 



CONSTRUCTION OF QUADRttATERALS. 

78« To construct a quadrilateral which shall be equal 
to a given quadrilateral ABCD, (fig. 68.) 
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Sol In the given quadrilateral A BCD draw the 
diagonal AC. It is thereby divided into 2 triangles, CAB 
and DAC. If we construct 2 triangles equal to these, 
and place them together in the same relative position, 
the problem will be solved. 

Draw a straight line EF = AB. From E as a 
centre, with a radius = AC, and from F as a centre, 
with a radius = BC, describe 2 arcs cutting one an- 
other at G. Draw GE and GP. The triangle GEF 
= CAB. 

Again, from E as a centre, with a radius = AD, and 
from G, with a radius = CD, describe 2 arcs cutting 
one another at H. Draw HE and HG. Triangle 
HEG = DAC. Consequently the quadrilateral EFGH 
= ABCD. 

79. To construct a square upon a given straight line 

AB, (fig. 69.) 

Sol. 1. At the points A and B erect perpendicu- 
lars to the line AB. Take AC and BD each equal 
to AB. Draw CD and the required square will be 
constructed. 

Sol, 2. At the point A erect a perpendicular to 
the line AB. In this perpendicular take AC = AB. 
Through the point C draw CD equal and parallel to 
AB; and through B draw BD equal and parallel to 

AC. ABCD is the required square. 

80. To construct a square in and about a circle, 

(fig. 70.) 

Sol, Describe a circle. Draw 2 diameters cutting 
each other at right angles. Join the ends of thesfe 
diameters by straight lines, and a square will be con- 
structed within a circle. 
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At the points where the ends of the diameters meet 
the circumference, draw tangents to the circle. Pro- 
duce each tangent both ways until they intersect one 
another; and a square will be constructed about a 
circle. 

81* To construct a square which shall he double a 
given square^ (fig. 72.) 

Sol. In the given square ABCD, draw the diagonal 
AC, and construct upon it the square AEFC, which 
square will be double the square ABCD. For ABCD 
is composed of 2 equal triangles, ABC and ADC, but 
AEFC is composed of 4 triangles, each equal to ABC. 

89. Remark, In a right triangle the side opposite 
to the right angle is called the hypoifienuse. Now you /j^^c- 
will observe that the square constructed upon the hy- 
pothenuse AC of the isosceles right-angled triangle ABC 
is equal to the squares constructed upon AB and BC, 
the sides which include the right angle, taken together. 
We shall hereafter find this to be true in all right-angled 
trianglesv/; 

83. To construct a square which shall be 4, 9, 16, 
25, 36, ^c. times as great as a given square, (fig. 71.) 

Sol, Let a square constructed upon AB be the given 
square. Produce AB, and take BC == AB, CF = AB, 
PI = AB, &c. Construct upon AC, AF, AT, &c., the 
squares ACDE, AFGH, AIKL, &c. ACDE is 4 times 
greater than the given square; AFGH is 9 times greater ; 
and AIKL is 16 times greater. 

If the side of a square is 2, its surface will be 4 times 
as great as that of a square whose side is 1 ; a square 
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whose side is 3 will have a surface 9 tinies as great as 
a square whose side is 1. 

84. To construct many rectangular dnd oMtqite- 
angled parallelograms upon a given straight li7ie AB, 
(fig. 73.) 

Sol, At the point A erect a perpendicular to. AB. 
Take any points C and D in this perpendicular ; through 
them draw lines parallel to AB. Through B draw a 
line parallel to AC. Thus we have constructed 2 rec- 
tangular parallelograms upon AB. 

Again, make at A an oblique angle. In the side 
which together with AB includes this angle take any 
points E and F, and through these points draw lines 
parallel to AB. Through the point B draw a line par- 
allel to AE. We have thus constructed 2 oblique- 
angled parallelograms upon AB. If AC is taken equal 
to AB, the parallelogram will be a square; if we take 
AE == AB, the parallelogram will be a rhombus. 

85. Two adjacent sides M and N and the included 
angle O of a parallelogram being given, it is required 
to construct the parallelogram, (fig. 74.) 

Sol. Draw a straight line AB = M. At A make an 
angle BAD = 0, and take AD = N. From D as a 
centre^ with a radius equal tb AB, describe an arc, and 
from the point B as a centre, with a radius equal to AD, 
describe another arc. From the point C, where these 
arcs cut each other, draw CD and CB. ABCD is the 
required parallelogram. 

86i The 4 sides and 1 angle of a quadrilateral being 
given, U is required to construct the quadrilateral, (fig. 
76.) 
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SoL Let M^ N, P and Q, be the given sides, and Q 
the angle included by M and N. Draw AB = Ml At 
A make an angle CAB = O, and take AC = N. From 
the point C as a centre, with a radius equal to' P, aild 
from the point B as a centre, with a radius = Q;, de- 
scribe 2 arcs which will intersect at D. Draw DC and 
DB. ABCD is the quadrilateral required. 



CONSTRUCTION OF POLYGONS IN GENERAL. 

87. To construct a hexagon which shall be equal to a 
given hexagon ABCDEF, (fig. 76.) 

SoL Divide the hexagon by diagonals into 4 trian- 
gles. Construct 4 triangles equal to those of the given 
hexagon and placed together in a similar order. The 
entire polygon GHMLKI thus constructed will be equal 
to ABCDEF. 

In a similar manner polygons may be constructed, 
which shall be equal to a given polygon, whatever may 
be the number of its sides. 

88. To construct a regular polygon in and about a 
circle, 

SoL Suppose the required polygon is an octagon. 
With the compasses divide the circumference of the 
circle into 8 equal parts. Connect the 8 division-points 
by chords ; and at the same points draw tangents to the 
circle. In this manner one regular octagon will be con- 
structed within, and another without the circle. 

The problem can be solved by another mode. Con- 
struct a square in a circle. Bisect each of the sides of 
this square. Draw radii through these division points. 
Connect the ends of these radii by chords with the two 

8 
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nearest vertices of the square. The required octagon 
will thus be constructed. 

In a similar manner, by means of an inscribed equi- 
lateral triangle, we may construct a regular 6, 12, 24, 
&c. sided polygon in a circle, and by drawing tangents 
at the points where the vertices of the angles of such 
figures touch the circumference, we may construct a 
polygon of an equal number of sides about a circle. 
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CONSTRUCTIOHrOF CIRCLES. 
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80. To describe a circle about a triangle. 

Sol, (Fig. 63. 1.) Bisect 2 sides of the triangle, 
and at each division-point erect perpendiculars, which 
will intersect each other at O. From O as a centre, 
with a radius equal to the distance from the point O to 
the vertex of one of the angles of the triangle, describe 
a circle. The circumference of this circle will pass 
through the vertices of all the angles of the triangle ; it 
will therefore be the circle required. 

Remark. If the triangle is right-angled, the centre 
of the circle will be in the middle of the hypotheiiuse; 
if the triangle is acute-angled, this centre will be within 
the triangle, and if it be obtuse-angled, it will be with- 
out the triangle. 

90* To describe a circle in a given triangle ABC, 
(fig. 63. 2.) 

Sol. Bisect the angles A and B by straight lines, 
which will intersect each other at O. From the point 
O let fall perpendiculars upon the 3 sides of the triangle. 
From O as a centre, with a radius equal to either of 
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these perpendiculars, describe a circle. The circumfer- 
ence of this circle will touch the 3 sides of the triangle. 
It will therefore be the circle required. 

91 • To describe a circle in and about a given square. 

Sol. Draw 2 diagonals in the given square, and 
from the point where they intersect each other as a 
centre, with a radius equal to half a diagonal, describe 
a circle. The circumference of this circle will pass 
through the vertices of all the angles of the square, and 
thus we have a circle described about a square. 

Again, from thfe point of intersection of the diagonals 
let fall a perpendicular upon one of the sides of the 
square; then, from the same point as a centre, with 
a radius equal to this perpendicular, describe a circle. 
It will be a circle inscribed in square. 

93* To describe a circle in and abotit a regvlar 
polygon. 

Sol. Bisect 2 adjacent sides of the polygon, and at 
the division points erect perpendiculars. From the 
point where these perpendiculars intersect each other as 
a centre, with a radius equal to one of Mhe perpendicu- 
lars, describe a circle ; it will be an inscribed circle. 

Again, from this centre draw a line to the vertex of 
one of the angles of the polygon; and then with a 
radius equal to this line, describe a circle ; it will be a 
circle circumscribed about the polygon. 



CONSTRUCTION OF THE SKELETONS OF SOLIDS. 

93. We have before made rude diagrams of the 
skeletons of the solid bodies. We are now prepared to 
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construct them more accurately with the aid.of inatiru- 
ments. The solid the skeleton of which is to be eouh 
striicted should be placed before us. Construct the 
skeleton — 

1. Of the cube, by placing together^ equal squaxes, 
as shown in fig. 5. 

2. Of the triangular, quadrangular, pentagonal, and 
polygonal prisms, as shown in figs. 1, 2, 3, 4. 

3. Of the cylinder, fig.*6. The upper and lower sides 
of the rectangle must each be of the same length as the 
circumference of each circle. 

V 4. Of the triangular pyramid, fig. f\. 

6. Of the polygonal pyramids, figs. 7, 8, 9, and 10. 

6. Of the cone, fig. 11. The curved side of the 
triangle must be of equal length with the circumference 
of the circle. 

7. Of the regular solids, as shown in figs. 77, 78, 79, 
80, 6. ^ ' 



PART THIRD. 



COMPARISON AND MENSURATION 



I. Points. 



04* A point has no length, breadth, or thickness ; it 
has in fact no extension ; a point is not the smallest par- 
ticle of a line. As a point has no extension it cannot 
be measured; one point is as large as another, or rather 
neither has any magnitude. The representation of a 
point on paper or on the board has a piagnitude, else it 
would not be visible ; but that which is represented has 
none* A point has only a position. Where a definite 
line, whether straight or curved, ends, there is a point. 
if two lines intersect, there is at the intersection a point, 
which lies in both lines. Place two points together, 
and the position of the one will not vary from the posi- 
tion of the other; they will have the same position, and 
will coincide. 

OS. If a point be moved, the path wnich it describes 
in moving will be a line. If the point moves forward in 
the same direction, it describes a straight line ; if the direc- 
tion be changed every moment, it describes a curved line ; 
if the direction be changed only once, it describes one 
line, composed of two straight lines joined together, or a 

8* 



72 COMPARISON AND MENSURATION. 

broken line, the parts of which make an angle ; if one 
point be moved round another point always at an equal 
distance, it describes a circular line. If a point remains 
in its course always at the same distance from a straight 
line, it will describe a straight line parallel to the 
former. If a point in a straight line be moved iti a 
straight course, it must either continue in the same 
straight line, or it must leave the direction of that line. 
In this latter case, the straight line which it describes 
will make an angle with the former straight line. This 
angle may be either right or oblique. 



II. Lines. 

96« As a Line is the path described by the motion of 
a pointy it can only have extension in length ; not in 
breadth or thickness. All lines have in common the 
property of extension in length ; they may differ one 
from another in the quantity of the length, in their 
position, and in the position of their coinponent parts. 
If these parts all lie in one and ihe same direction, the 
line is a straight line ; if they do not all lie in the same 
direction, the line is either broken or curved. Three 
contiguous points in a curved line never lie in the same 
direction. Two points, let them lie as they may, can 
be connected by a straight line. A straight line cannot 
coincide with a curved line ; they can only have one or 
more points in common. 

97. A straight line is the shortest way from one 
point to another ; every curved line between the same 
points is longer than the straight line. The more nearly 
the curved line approaches to a straight line, the shorter 
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it will be. There may be many curved lines between 
the same points ; there can be only one straight line, 
because there can be only one shortest way. In geome- 
try, when we speak of the distance between two points, 
we mean the length of a straight line, and therefore of 
the shortest line, which can connect them. 

98. Two points determine exactly the direction of a 
straight line. Therefore if an engineer wishes to mark 
out a straight line in a field, he sets a stake at each end 
of the line, and then sets other stakes between these 
two, taking care that all shall be in the direction of the 
first two. This he ascertains by taking sight from one 
of these two to the other of them. If the straight line 
is to be made longer, he takes sight from one stake to 
another, and the stakes are successively set in the line 
of sight. In a similar manner a row of trees is set in a 
straight line, or a company of soldiers drawn up. Two 
straight lines which have 2 points in common must 
have the same direction,. and must coincide. 
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MENSURATION OF STRAIGHT LINES. 

99. A magnitude can be measured only by compar- 
ing it with a magnitude of the same kind ; thus, 
length can be measured only by length, surface by sur- 
face, weight by weight. Some one known magnitude 
is taken as the unit^ and to measure a magnitude we 
seek how often this unit is contained in it. Therefore, 
To measure a magnitude is to determine how often a 
known magnitude, which is taken as the unit of mea- 
sure, is contained in the magnitude to be measu?'ed. 
There are as many different units of measure, as there 
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are different kinds of magnitudes. In this school-room 
we might employ long, surface, and solid measures, 
since here are lengths, surfaces, and solids to be mea- 
sured. 

100. At present vre will confine ourselves to the 
measure of length, or long measure. In measuring 
short lengths, we take as the unit of length, or linear 
unit, an inch, a footj or a yard. When we actually 
perform the operation of measuring, we make use of a 
wooden or metallic rule, upon which the feet and inches 
are marked. If we have a line of great length to mea- 
sure, we take a rod or a mile as the linear unit, and in 
performing the operation of measuring we make use of 
a wooden or metallic rod, of a tape^ or of a chain. If a 
straight line is to be measured, we seek how often the 
imit of measure is contained in it. This may be done 
either by directly applying a rule, a rod, or a chain, or 
by another mode of which we shall have examples 
hereafter. If a curved line is to be measured, we seek 
how long it would be if it were extended in a straight 
direction. Thus a straight unit of measure is used to 
ascertain the length of all lineg. 



/ 






III. Of Angles, y-' / ^ 

1. Of Angles in Genebal. 

101* An angle is the opening, or the m^uiual incli- 
nation of two lines meeting in a point. 

103. Angles in respect to the nature of their sides 
are divided into rectilineal, whose sides are straight 
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lines; cun4lineal, whose sides are curved lines; ndxtiK'' 
need haying one side a curved line, the other a straight 
line. At present we have to do with rectilineal angles 
only. 

2. Relative Magnitude. 

108* Two angles may be either equal or unequal. 
They are equal when the sides of each have a similar 
inclination; in such case, if one be placed upon the 
other, they will entirely coincide; the vertex of one 
will coincide with the vertex of the other, and the sides 
of the one with the sides of the other. Equal angles 
agree in all respects, and the angles which do not agree 
in all respects are unequal. 

3. Relative Position. 

104« Two angles may lie entirely apart one from 
the other, so that their sides shall have no part in com- 
mon. 

Or, They may have one side entirely in common, or 
partly in common (fig. 81.) 

The sides th o parts - rf which are not m- common 
may form one straight line, (fig. 82.) Such angles are 
called adjacent angles, as angles R and S. 
'' Or, Two angles may have only the vertical point in 
common. If such angles are equal, and the sides of 
one being produced coincide with the sides of the other, 
thus forming 2 straight lines, the angles are called 
vertical angles ; as the angles Q and X ; M and N, (fig. 
83.) 

lOS. If two parallel straight lines are crossed by a 
third line, the angles thus made have a relative position 



/ 
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one to another, which is expressed by particular names. 
Thus, (fig. 84,) 

C and F, D and E, &c., are alternate internal angles, 
because they are on opposite sides of the single line, and 
within the parallels. 

A and H, B and G, &c., are alternate external angles. 

D and F, C and E, &c., are interior angles vpon the 
same side, because they are contained between the par- 
allels, and are on the same side of the line which crosses 
them. 

A and G, B and H, &c., are exterior angles upon the 
same side. 

A and E, B and F, G and C, H and D, are extei-nal 
internal angles, because one is without and the other 
within the parallels, and both are on the same side of 
the single line. 

We have also many pairs of adjacent angles ; viz., A 
and B, A and C, B and D, E and G, &c. ; and many 
pairs of vertical angles, viz., A and D, B and C, E and 
H, &c. 



7a, 



4. Magnitude of Angles taken together. 
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106. Two adjacent angles are together equal to 2 R. 
A. or 180^. This follows directly from (34.) There- 
fore, if one of the angles = ^ R. A., then the other = 2 
R. A. — i R. A. = If R. A. The one =:= 30^, the other 
= 150^. 

All the angles in the same plane about a point are 
together equal to 4 R. A., or 360**. Hisnce, when one 
line crosses another, since all right angles are equal,vif 
one of the angles is a right angle,* then all are R. A. 

IVTt Two vertical angles are eqiuil one to the other, 
(fig. 83.) M==N, = X. 
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Dem. M + = 2 R. A. and M + X = 2 R. A. 
(106.) Thereforcl M + 0=M + X; for it is an 
axiom that things which are equal to the same thing are 
equal to one another. M = M, therefore O = X, for it is 
also an axiom, that if equals be taken from equals the 
remainders will he equal. In a similar manner it may 
be demonstrated that M = N ; and in general, that the 
vertical angles made by any number of straight lines 
crossing at one point are equal to each other. 

108« Two external-internal angles are equal one to 
the other, (fig. 84.) A = E, B = F, &c. 

For two parallel lines have a similar position, one 
with the other ; therefore a straight line crossing them 
has the same inclination to each, that is, it makes equal 
angles with each. 

109. The two interior angles upon the same side 
taken together are equal to 2 R. A., (fig. 84.) D + F=^ 
2R. A.; C + E = 2R. A. 

Dem, B = F (108) and D = D. It is an axiom 
that if equals be added to equals the sum^ will be equal ; 
therefore B + D=F + D. But B + D = 2 R. A., 
(106) ; therefore F + D = 2 R. A. 

110. Two aUernaie-intemal angles are equal one to 
the other, (fig. 84.) C = F, D = E, &uc, 

Dem, C-|-E = 2 R. A. (109), and F + E = 2 R. 
A. (106) ; therefore C + E = F + E ; therefore C=F. 

111. It may also be demonstrated that the aUemate- 
external angles are equal to each other, (for example A 
= H ; B = G ;) that two altemate-internaUexternal an- 
gles taken together are equal to 2 R. A. ; (that is, A + 
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F = 2 R. A., B + E = 2 R. A. ;) and that two exterior 
angles upon the same side are together equal to 2 R. A. 
(thatis, A + G = 2R. A.; B + H = 2R. A.) . 

113. Reciprocally, we may infer that two straight 
lines are^ parallel, if, when crossed by a third straight 
line, the following propositions are true ; and the reverse 
of this, that two straight lines are not parallel, if these 
propositions are not true, viz., if. 

The external-internal angles are equal. 

The alternate-internal angles are equal. 

The alternate-external angles are equal. 

The interior angles upon the same side are together 
equal to 2 R. A. 

The exterior angles upon the same side are together 
equal to 2 R. A. 

The alternate-external-internal angles are together 
equal to 2 R. A. 

1 13* If two straight lines AB and CD are each par- 
allel to a third line EF, they are parallel to each other 
(fig. 85.) 

Deni. Draw a straight line crossing the other three. 
Then, because AB is parallel to EF, therefore angle O 
= Y (108), and because CD is parallel to EF, there- 
fore angle X = Y; therefore 0==X, consequently AB 
is parallel to CD. 

114:» Two straight Unes are parallel to each other j 
if each is perpendicular to a third line ; for the interior 
angles upon^he same side taken together will be equal 
to 2 R. A. 
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5. Mensuration of Angi.es. 



115. For the measure of angles upon paper we 
make use of a protractor. For measuring angles in the 
field various instruments are used, more or less compli- 
cated. The most simple is a graduated circle, (which 
may be made of metal, wood, or pasteboard,) with an 
index moving on a pivot in the middle. Place the 
instrument at the vertex of the angle to be measured, 
and make the index coincide in direction with one of 
the sides of the angle; then move the index until it 
coincides in direction with the other side of the angle, 
noting the number of degrees on the graduated circle 
which it passes over ; this number will be the magni- 
tude of the angle. 

For determining directions which shall be perpendic- 
ular to the surface of still water, that is, to a horizontal 
surface, a leaden weight hanging freely from a string, 
and called a plumb, is used; Positions which are par- 
allel to the direction of the plumb, are perpendicular 
to the horizon, that is vertical. Masons use the plumb 
in building walls. 

For determining horizontal positions a plumb levely 
(fig. 88,) is frequently used. It consists of a wooden 
frame made in the form of an isosceles triangle, with a 
plumb attached to it. The base of the triangle is placed 
upon the surface the position of which is to be deter- 
mined; if the plumb falls directly over the marked 
centre point of the base, then this base, and conse- 
quently the surface upon which it stands, is horizontal. 
This kind of level is sometimes made in the form of the 
letter [_. The two parts must be exactly perpendicu- 
lar' one to the other ; a plumb is suspended from the top 

9 
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of the vertical ruler ; and if the string coincides exactly 
with the edge of this ruler, then the other ruler must be 
horizontal. This kind of level is also made in the form 
ol an inverted "f* viz., J_. 

But the spirit level is the most accurate, and the one 
most commonly, used. It consists of a cylindrical glass 
tube filled with spirits of wine, excepting a small por- 
tion containing air ; the ends of the tube being hermeti- 
cally sealed. The bubble of the air, being the lightest 
part of the contents of the tube, will always run to- 
wards that end which is highest ; but when the tube is 
horizontal it will have no tendency to either end. The 
bore of the tube is not exactly cylindrical, but it is slightly 
curved, the convex side being upward ; therefore the 
bubble will rest in the middle of the tube, when the 
tube is horizontal. The tube is fitted into a block of 
wood, the bottom of which is exactly parallel to the 
tube ; so that when the bottom of the block is horizon- 
tal, the bubble will be exactly between two scratches 
marked on the top of the tube to show the middle. 

IV. Figures. 

1. Figures in General. 

116. We defined a line to be the path described by 
the motion of a point. In a similar manner we may 
say that a surface is the space described by a line moved 
in any direction but that of its length. For example, if 
you suppose a straight hne to be turned on a pivot at 
one extremity or in the middle, it will describe a circle; 
if it be moved in a direction perpendicular to its length 
it will describe a parallelogram. If we suppose a curved 
line to revolve on an axis connecting its extremities it 
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will describe a curved surface. A line has no thick- 
ness, consequently a surface has no thickness. A line 
has length, and its motion makes breadth, consequently 
a surface has extension in two directions, viz., length 
and breadth. 

2. Triangles in General. 

117* In every triangle one side is less than the sum 
of the other two. For a straight line is the shortest dis- 
tance between two points; therefore (fig.. 87) AB<[AC 
+ CB. 

1 18. In every triangle the 3 angles are together equal 
to two right angles. 

Dent, Through the vertex of the angle A, (fig. 87,) 
draw a straight line parallel to the opposite side BC. 
Then O = B, and X = C (1 10). Consequently O + X 
+ A = B + C+A. ButO + X + A=*2 R. A.(84); 
therefore B + C +A = 2 R. A. 

119. A corollary is a consequence which follows 
directly from a proposition. From the preceding pro- 
position we have the following corollaries. 

190. Cor, 1. In every triangle there can be but 1 
R. A., and but 1 obtuse angle ; there must be at least 2 
acute angles. 

191 • Cor. 2. In every right triangle the 2 acute 
angles are together equal to 90®. In every obtuse- 
angled triangle the 2 acute angles are together less than 
90^ 
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I. Cor. 3. If 2 angles of a triangle are equal, each 
is an acute angle. 

1S3. Cor, 4. If 2 angles of a triangle are given, 
the 3d angle may easily be found, for it is equal to 2 R. 
A. less the sum of the given angles. If one angle =^ 64®, 
and another = 70*^, then the 3d angle = 180"* — 64 — 
70** = 46°. Thus if two angles of one triangle are equal 
to two angles of another, then the third angle of the one 
must be equal to the third angle of the other. 

134* The exterior angle of a triangle^ that is, the 
angi£ made by producing one of the sides of a triangle, 
is equal to the sum of the two opposite interior angles, 
(fig. 88.) Angle ACD = angle ABC + angle CAB. 

Dem. ACD + ACB = 2 R. A.; ABC + CAB + 
ACB = 2 B. A.; therefore ACD + ACB = ABC + 
CAB -f- ACB. Subtract ACB from each side, and we 
have ACD = ABC + CAB. 

13S« The three exterior angles of a triangle are 
together equal to 4 R. A. For the sum of each pair of 
adjacent angles is 2 R. A. ; in all 3 X 2 = 6 R. A. The 
interior angles together =2 R. A., therefore the exterior 
angles together =6 — 2 = 4 R. A.^ 

3. Of Equal Triangles. 

1S6* TiDo triangles are equal, if 2 sides and the 
included angle of the one are equal to 2 sides and the 
included angle of ike other, each to each* 

Dem. Let BC = EF, BA = ED, and angle B = E, 
(fig. 62.) Now suppose the triangle ABC to be placed 
upon DEF, so that point B shall fall upon E, and C 
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upon P; this is possible, because BC = EF; in this 
case BC will coincide with EF. Because angle B = E, 
BA must take the direction ED, and because BA = ED, 
the point A must fall on D. Thus the end-points C and 
A of the line CA fall upon the points F and D, which are 
the ends of the straight hne FD, consequently CA and 
FD must coincide. Thus the two triangles coincide 
throughout, and consequently they are equal. 



s 137. Two triangles are equal if two angles and the 
interjacent (lying between) side of the one are equal to 
two angles and the interjacent side of the other, each to 
each, 

Dem. (fig. 62.) Let angle B = E, angle C = P, and 
side BC = EF. Suppose the triangle ABC to be laid 
upon DEF, so that BC shall coincide with EF. Be- 
cause angle B = E, BA must be in the direction of ED, 
and the point A must fall in ED; because angle C 
= F, CA must be in the direction of FD, and point 
A must fall in FD. Thus the point A is in both the 
lines FD and ED ; it can only be at their point of inter- 
section D. Consequently the two triangles coincide 
throughout, and are equal. 

128. Remark, In both these cases of equal tri- 
angles, equal angles are opposite to equal sides. 

/ 

139* In every isosceles triangle the angles apposite to 
the equal sides are equal, (fig. 86.) 

If ACB is an isosceles triangle of which the sides AC 
and CB are equal, then the angles A and B are likewise 
equal. 

Dem. Bisect the third angle C by a straight line 
which shall meet the opposite side at the point D. In 

9* 
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the triangles ACD and BCD, the sides AC and CB ate 
equal by supposition, CD is common, and the angle 
ACD = BCD by construction. Therefore triangle 
ACD = BCD, (laiB,) consequently angles A and B 
are equal. 

ISO. C<yr, 1. If the two equal sides of an isosceles 
triangle be produced, the angles formed without the tri- 
angle will be equal, for each of them, together with one 
of the equal angles A and B, is equal to 2 R. A. (1^|^) 

131. Cor. 2. Equilateral triangles are also equian- 
gular ; and each angle is equal to GO"*. 

133. Cor. 3. If one angle of an isosceles triangle 
be given, the others may easily be found. Let one 
of the angles at the base be given ; because the other 
angle at the base is equal to this, the sum of the two 
subtracted from 180** will give the third angle. If the 
angle opposite to the base is given, subtract it from 180**, 
divide the remainder by 2, and the quotient will be the 
size of each angle at the base. 

The base of an isosceles triangle is the side which is 
not equal to one of the others. In triangles not isosceles 
either side may be taken for the base. The vertex of 
the angle opposite to the base is sometimes called the 
vertex of the triangle. 

133. Ffo^feSfe^eqScaity of the triangles ACD and 
BCD the following propositions may be deduced. 

1. The straight line which bisects the angle C is per- 
pendicular to the base AB. Because the adjacent angles? 
CDA and CDB are equal and therefore right angles. 

2. A straight line drawn from the vertex of an isos- 
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oeles triangle peipendicular to the base, bisects that 
base. 

3. If a perpendicular erected upon the middle point 
of one side of a triangle meets the vertex of the opposite 
angle, then the other two sides are equal to each other. 

4. A perpendicular erected upon the middle point of the 
base of an isosceles triangle, bisects the opposite angle. 

134* If two angles of a triangle are eaua^Jlie sides 
opposite to these angles are also eqiiaL^ ^^ ^k^ ^*^ 4^ ^^^^^^ 

Dem, (fig. 86.) Let angle A = B. Upon the mid- 
dle point of the base\A.B erect a perpendicular to AB. 
If this perpendicular passes through the vertex of the 
triangle, then AC = BC, ^133. 3.) Suppose it does 
not pass through the vertex, but meets the side AC at E. 
Draw EB. Triangles EAD and EBD are equal, (126 ;) 
consequently angle EAD = EBD. But angle EAD = 
CBD ,^ consequently angle EBD = CBD ; that is, a part 
is equal to the whole, which is absurd. Therefore, the 
perpendicular CD does pass through the vertex of the 
triangle, and the sides AC and BC are equal. 

139. Two right angled triangles are equal, if tioo 
sides of the one are equal to two sides of the other j each 
to each, 

Dem, If the equal sides include the right angles, 
then the equality of (he triangles has already been 
demonstrated, (136.) 

Bat let us suppose the hypothenuse AB and side BC 
of triangle ABC (fig. 89. 2.) to be respectively equal to 
the hypothenuse DE and side EF of triangle DEF. 
Suppose the triangle ABCto be placed so that BC shall 
coincide with EF. AB will take the direction of EG, 

• 

and, because the angles DFE and ACB are right angles, 
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AC will coincide with DF produced ; suppose with FG. 
We shall thus have an isosceles triangl;e DEG. Now 
EF is perpendicular to DG, and therefore bisects it, 
(133. 2;) thus GF = AC = DF. Therefore the tri- 
angles ABC and DEF are equal, (1S6.) 

136* We are now prepared to demonstrate another 
principle, viz., that any point in a perpendicular EC 
(fig. 67,)^erected at the middle of a straight line AB, is 
at equal distance^ from the two extremities of this line. 
Let us take the point D, and draw the lines DA and 
DB. The triangles DAC and DifB'are equal ; for AC 
and CB are equal by supposition^ and CD is common to 
both. Therefore the sides AD and DB are equal, which 
was to be demonstrated. 

137. Cor, Two oblique lines, as AD and DB, 
drawn at equal distances from a perpendicular, are 
equal. 

138. Two triangles are equal if three sides of the 
one are equal to thi^ee sides of the other, each to each, 
(fig. 89. 1.) If AB = DE, AC = DF, and BC = EF, 
then is triangle ABC = DEF. 

Dem. Suppose the triangle ABC to be moved from 
its place so that BC shall coincide with EF, and the 
triangle ABC shall occupy the space GEF; BA coin- 
ciding with EG, and CA with FG. Draw DG. The 
angles C and F may be either acute, right, or obtuse, 
and each case will be considered separately. 

1. Acute angles, (fig. 89. 1.) By supposition ED = 
EG and FD = FG, therefore angle EDG==:EGD, and 
angle FDG = FGD, (129 }) consequently angle EDG 
f FDG = EDF = angle EGD + DGF = EGF. Now 
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angle EGF == BAG, therefore angle EDP = BAa 
Consequently triangle ABC = triangle DEF, (126.) 

2. Right angles, (fig. 89. 2.) By supposition ED 
= EG, therefore angle D = G. Angle A = G, there- 
fore A = D; consequently triangle ABC = triangle 
DEF, (126.) 

3. Obtuse angles, (fig. 89. 3.) By supposition ED = 
EG and FD==FG, therefore angle EDG = EGD, and 
angle FDG = FGD. Consequently angle EDG — 
FDG = angle EDF = EGD — FGD = EGF. Now 
angle BAC = EGF, therefore angle B AC = Et)F ; and 
the triangle ABC = DEF, ( 126.) 

In each case equal angles are opposite to equal sides. 



^/ 






ISflf.. In every triangle the greater side is opposite to '\ 
the^ greater angle, (fig. 90.) If !iU?p> AB, then is angle Vp^ 
'B>-linglea ' N 

Dem, In the side AC take AD = AB and draw BD. ^ 
Angle ABD = ADB, (129.) But angle AD^> ACB, ' 
(124,) much more is angle ABC=ABD-f-DBC> 
ACB. 

140. Cor, In every triangle whose sides are not 
equal, the greatest side is opposite to Ih^ greatest angle, 
and the least side to the least angle. 






r 



141. In every triangle the greatest angle is opposite 
to the greatest sid^, (fig. 90.) If ah^le B>-C, then is 
AC>AB. ' \ " [: 

Dem. Draw BD, making the angle CBD=: angle IX' r 
C. Because angle CBD = BCD, therefore BD=CD, ] 
(138;) PA=DA; and therefore BD + DA = CD-f ^ ^ 
DA. But BD + DA > BA, consequently CD + DA ==. -:^ 

CA>BA. r ^' ^ 




88 COMPARISON AND MENSURATION. 

14Stm In every triangle whose angles are not equal, 
the least angle is opposite to the least side, the mean 
angle to the mean side, and the greatest angle to the 
greatest side. 

143. In the two triangles ABC and DEP, (fig. 109,) 
lei the sides AB and AC be respectively equal to the 
sides DE and DF, but the angle EDF be greater than 
the angle BAC ; then will the side EF be greater than 
the side BC. 

Dem. Let the triangle ABC he placed upon the tri- 
angle DEP, so that AB shall coincide with DE ; but 
as angle BAC is less than EDF, the side AC will not 
fall upon DF, but will fall within it, suppose in the posi- 
tion DG ; BC will lie in the position EG, and triangle 
DEG will be equal to triangle ABC. Draw FG. In 
the isosceles triangle DFG, angle DGF = angle DFG, 
(ISO.) It is self-evident that DFG is greater than 
EFG; therefore DGF is greater than EPG; much more 
IS EGF greater than EFG ; therefore the side EF is 
greater than the side EG, or its equal BC, (MtA;) 

144. The converse of this proposition is true, viz. : 
that if the sides AB and AC are respectively equal to 
the sides DE and DF, but the side EF is greater than 
the side BC, then will the angle EDF be greater than 
the angle BAC. For angle EDF cannot be equal to 
angle BAC, for then the two triangles will be equal, and 
the side EF = BC, which is contrary to the supposi- 
tion; neither can angle EDF be less than angle BAC, 
for then the side EF would be less than the side BC, 
which is also contrary to the supposition; angle EDF 
must therefore be greater than angle BAC, 
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4. Quadrilaterals. 

14S« In every quadrilateral the sum of all the angles 
is equal to 4 R. A. 

Dem. By a diagonal the quadrilateral is divided 
into 2 triangles. The sum of the angles of each tri- 
angle is'equal to 2 R. A. ; consequently the sum of the 
angles of both triangles, that is, of the quadrilateral, is 
equal to 4 R. A. 

146« Every paraUelogram ABCD is divided by a 
diagonal DB into ttao equal triangles, (fig. 91.) 

Dem, AB is parallel to DC, therefore angle ABD 
= BDC, (llOj) AD is parallel to BC, therefore angle 
BDA = DBC; BD = BD; therefore triangle ABD = 

CBD, (lar.) 

147. Cor. In equal triangles equal sides are oppo- 
site to equal angles; consequently AD = CB, and AB 
= CD ; that is, in every parallelogram the sides opposite 
to each other are equal. Each part of the angle B is 
equal to a part of the angle D, therefore the entire angle 
B is equal to the entire angle D ; the angle C = A ; that 
is, in every parallelogram the opposite angles are equal. 

148. Equivalent figures are such as have equal sur- 
faces. Two figures may be equivalent, although dis- 
similar in form ; thus a circle may be equivalent to a 
square. 

149. The altitude of a parallelogram is a line drawn 
from one side perpendicular to the opposite side con- 
sidered as the base, or to that side produced if neces- 
sary. The altitude of a triangle is a perpendicular 
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drawn from the vertex of an angle to the opposite side 
taken as a base; as CD is the altitude of triangle ABC, 
(fig. 86.) 

150. Two parallelograms fiaving the same or equal 
bases and an equal aUitvde, are equivalent 

Dem. Upon one of the sides of the parallelogram 
ABCD (fig. 92,) construct a second parallelogram 
ABEF, of which the side opposite to AP shall be in 
DC produced, that is, which shall have an equal alti- 
tude with ABCD. We are. to prove that ABEF is 
equivalent . to ABCD. AB = DC; AB=^FE, (1^) 
therefore DC =FE; CF=CF; therefore DC + CF 
=DF = FE + CF = EC. Again, AD = BC, and AF 
= BE, therefore triangle ADF = BCE, (1»8.) 

Triangle OCF = OCF, therefore triangle ADF — 
OCF = ADCO is equal to triangle BCE — OCF == 
BOFE. Triangle AOB='AOB, therefore ADCO-f 
AOB = ABCD =BOFE + AOB = ABEF. 

Let the parallelograms have not the same but equal 
bases, and have equal altitudes; we can suppose one 
to be placed upon the other, so that the bases shall 
coincide, and then the case becomes identical with the 
preceding. 

151. Cor, Every oblique parallelogram is equiva- 
lent to a right parallelogram of an equal base and an 
equal altitude. 

IffS. Every triangle is equivalent to one half 4fl-(» 
parallelogram of eqyal base and equal altitude, j^ i, 

Dem. Let BC = EF, and AG be parallel/to BF. 
Draw CH parallel to BA. Parallelograms ABCH and 
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DEFG are equivalent, {ISO.) Triangle ABC = i 
ABCH, therefore it is equivalent to J DEFG. 

1S3. Cor. .. Two triangles of equal bases and equal 
altitudes are equivalent, because each is the half of a 
parallelogram having an equal base and an equal alti- 
tude. v>^ 

5. Polygons in Gei^eral. 

194* TTie sum of all the angles of a rectilineal figure 
is^fiqual to twice as many right angles^ wanting 4, a^ the 
figure has sides. 

Dem, From any point within the figure draw 
straight lines to the vertex of each angle. Thus the 
figure will be divided into as many triangles as it has 
sides. The sum of all the angles of each triangle =2 
R. A., therefore the sum of all the angles of all the tri- 
angles is equal to 2 R. A. multiplied by the number of 
sides in the figure. But the angles (equal to 4 R. A.) 
about the point within the figure do not belong to the 
figure ; therefore we must deduct 4 R. A. 
For example, the angles of a 

triangle together = (3 X 2) — 4 = 2 R. A. 

quadrilateral = (4 X 2) — 4 = 4 R. A. 

pentagon = (5 X 2) — 4 =i 6 R. A. 

20n =(20X2)— 4 = 36 R. A. 

ItSS. In a regular polygon all the angles are equal, 
therefore each angle of alregular triangle 
= JX2R.A. 5?= *R.A.= JX90^ = 60« 

Of a regiilar quadrilateral, 
« iX4R.A. = 1R.A.= 1X90* = 90« 

10 
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Of a regular hexagon, 
s= ix8R.A. = tR.A.= lix90^=120» 

Of a regular 20n, £<./*: ^r^^ ^ 
= 7VX36R.A. = f}R.A.= ltx90<>=162* 

Of a regular lOOOn, ^^/\^ . , . ^ ^ ; , 
=tifWX 1996R. A.=|5JgR. A.=lTiy5,«^x90-=179 




ltl6. Suppose a circle to be circumscribed about a 
regular polygon, and a straight line to be drawn from its 
centre to each angular point of the polygon; there will 
thus be formed about the centre as many equal angles 
as the polygon has sides. 

If the polygon be a 

triangle each centre angle = J R. A. = 120® 
quadrilateral " " = J R. A. = 90 
hexagon " " = I R- A. = 60 

decagon " " = A R. A. = 36 
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The greater the number of the sides of the inscribed 
polygon, the greater will be its angles, but the less will 
be the centre angles. One centre angle, and one angle 
of the inscribed polygon are together equal to 2 R. A. ; 
because they are equal to the three angles of a triangle. 
For example, each angle of a regular hexagon :^ 120" ; 
each centre angle = 60** ; and 60° + 120° = 180°. 

1S7. The angles made by producing the sides of a 
polygon are called exterior angles. Each exterior angle 
with its adjacent interior angle are together = 2 R. A. 
Therefore the sum of all the exterior and interior angles 
is equal to as many times 2 R. A. as the polygon has 
sides. But the sum of all the interior angles is equal to 
as many times 2 R. A. as the figure has sides, less 4 R. 



("^^ 
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A. ; consequently, the sum of aU the exterior angles of a 
polygon is equal to 4 R. A. 

IS^^The size of the interior angles increases with the 
number of sides, consequently that of the exterior angles 
must decrease in the same proportion. The size of each 
exterior angle of sTj^fygon may be found by dividing 4 
R. A. by the number of sides in the polygon. Thus 
each exterior angle of a triangle = f R. A. = 120** 

" " pentagon = f R. A. = 72*> &c. 
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; / 6. Mensuration of Rectilineal Figures. 

/ 

ISO. A quantity is measured by comparine it with 
' some known quantity of the same kind, (9».) The ^^ 
most simple of surfaces is a square, for in this figure the / 
two dimensions are the same. The square^ therefore, 
has been adopted as the unit of measure for surfaces, or 
sieperficial unit ; and its side is taken equal to some 
linear unit, as an inch, a foot, a mile, &c. To measure 
a surface we seek how often the unit of measure is con- 
tained in that surface, that is into how many squares, 
of equal magnitude with the unit, the surface to be 
measured can be divided. Area and surface are nearly 
synonymous terms. But area is more particularly a 
surface measured, and expressed in numbers of super- 
ficial units. 

160* Here we have a right parallelogram ABCD, 
(fig. 94.) Let the side AB contain 5 linear units, and 
the side AD contain 3 of the same units ; and let the 
sides be divided accordingly. From each division-point 
of AB draw a line parallel to AD ; and from each divis- 
ion-point of AD draw a line parallel to AB. The sur- 
face of the parallelogram will thus be divided into 5x3 
equal squares ; each of the sides of which is equal to 
the linear unit. If the linear unit be 1 inch, then each 
square is 1 square inch, and the area of the parallelo- 
gram is 5 X 3 = 15 square inches. If the linear unit is 
a rod, then each square is a square rod, and the paral- 
lelogram contains 15 square rods. Thus we learn that 
the area of a right parallelogram is found by multiply- 
ing together two adjacent sides, that is, the base by the 
altitude. 

But the oblique parallelogram is equal in surface Xo a 
'10* 
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right parallelogram of equal base and equal altitude, 
(ISl j) consequently the areaof any parallelogram may 
he found by multiplying its ba^e by its altitiide. 



\ 



161. Every triangle is equivalent to the half of a par- 
allelogram of equal base and equal altitude. Hence the 
area of a triangle is found by m,vltiplying its base by its 
altitude^ and dividing the product by 2. We shall come 
to the same result by multiplying the whole base by } the 
altitude, or the whole altitude by J the base. Thus the 

area of triangle ABC (fig. 86)= ^ =iAB X 
CD = ABxiCD. 

163. To find the area of polygons in general we 
must divide them into triangles, and then find the area 
of each triangle by itself; the sum of the areas of all the 
triangles will be the area of the polygon. In the penta- 
gon ABODE, (fig. 96,) draw the diagonals AD and AC. 
From the vertex of the angle B let fall upon AC the 
perpendicular BF. From the vertices of the angles 
and E let fall upon opposite sides of AD the perpeii- 
diculars CG and EH. The area of triangle ABC = 

ACxBF ,. , .^T^ ADxCG ^. , .^^ 

^ ; triangle ACD = ^ ; triangle ADE = 

ADv EH 

; therefore the area of the pentagon ABCDE= 

(AC X BF) + (AD x CG) + (AD X EH. ) 

2 

163. The area of the trapezoid ABDC, (fig. 95) is 
equal to (CF X i AB) + (BE X i CD.) - CF = BE, 
therefore the area of ABDC is equal to CF X (^ AB + J 
CD ;) that is, the area of a trapezoid is found by muUi- 
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ph/ing half the sum of its pctrallel sides by the distance 
between those sides. 

164:. The area of any regular polygon may be 
found by multiplying its perimeter by half the radius of 
the inscribed circle. 

Take for example the regular pentagon ABODE, 
(fig. 97.) From the centre O of the inscribed circle 
draw the lines OA, OB, &c., to the vertices of all the 
angles. As many triangles will thus be formed as the 
figure has sides. The area of the polygon is equal to 
the sum of the products of the bases of these triangles, 
viz., AB, BO, &c., by half their altitudes OF, OG, &c. 
But these altitudes are radii of the inscribed circle, and 
therefore are equal ; therefore we can multiply the sum 
of the bases, that is the perimeter of the polygon, by J 
the altitude of one triangle, that is, one half the radius 
of the inscribed circle^V^ 






7. The Cirols. 

' 16S. The length of the radius determines the dis- 

itance of the circumference of a circle from the centre, 

and consequently determines the size of the circle. 

Therefore, circles having equal radii or equal diameters 

are equal. 

166. In a circle^ or in equal circles^ equal angles^ the 
vertices of which are at the centre^ will intercept equal 
arcs upon the circumference, and the chords which sulh- 
tend those arcs will also be equal; conversely, equal chords 
subtend equal arcs, and the angles at the centre measured 
by those arcs are equal. 
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If the arc AB == arc CD, then the chord AB= chord 
CD, (fig. 98.) 

Dem. Draw the radii OA, OB, OC, and OD. Be- 
cause the angles at the centre are measured by the arcs 
intercepted by their legs, (59,) equal arcs must be inter- 
cepted by equal angles; thus the angle AOB = COD ; 
OA = OC, apd OB =0D by construction ; consequently 
triangle AOB=COD (ISOj) therefore AB = CD. 

Conversely; AB = CD, OA=OC, OB = OD, con- 
sequently triangle COD = AOB, (188 j) therefore angle 
AOB=^COD. Agaiii, the arcs AB and CD belong^ to 
the sajatie ojrcle, ancj^ therefore have tlje same ciirvajtire ; 
the ohorjt AB = chord CD, by supp6sition, mere|bre if 
the segment AB be laid upon segm«fht CD, so that chord 
AB shall coinplde with chord CD, theji the arc AB 
must comcide With arc CD- therefore they are equal. 

167. A straight line drawn from the centre of a 
circle to the middle of a chord in the same circle is per' 
pendicular to that chdrd^ and bisects the arc subtended by 
that chord^ and the angle at the centre measured by the 
arc. 

Dem, (Pig. 9^.) Draw the radii OA and OB. Now 
AC = CB by supposition, OA = OB by construction, 
and OC = OC ; consequently triangle AOC = BOC, 
(138 j) therefore the adjacent angles. OCA and OCB 
are equal, and therefore right angles ; consequently GO 
is perpendicular to AB. The angles COA and COB 
are likewise equal ; therefore arc AD = arc DB ; conse- 
quently the angle O and the arc AB are bisected. 

168. A straight line drawn from, the centre of a circle 
perpendicular to a chord of the same circle bisects that 
chord. 
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Dem, (Fig. 99.) Draw the radii OA and OB. We 
have now an isosceles triangle of which the centre O 
is the vertex, and the chord AB is the base^ A per- 
pendicular let fall from O upon AB must bisect AB, 
(133.) 

169. Cor, A perpendicular erected upon the middle 
of a chord passes through the cefiire of the circle. There- 
fore we can find the centre of a circle by erecting a per- 
pendicular upon the middle point of each of two chords ; 
the point where these perpendiculars intersect each 
other will be the centre of the circle. 

170. The perpendictilar AB erected at the extremity 
o/OA, a radium ^f a circle^ is a^ tangent to the same cir- 
cle, (fig. 101.) * 

Dem, In AB take any point C. Draw OC Angle 
OAC is a right angle by supposition, therefore angle 
OCA < 1 R. A, (ISO ;) therefore OC > OA (i^li.}) /^// 
But OA is £^ radius, consequently the point C, and every / 
point^'^tMe fine 'AB is more than the length of a radius 
distant from the centre O, and therefore is without the 
circle. Thus the line AB touches the circumference 
only at one point, and therefore is a tangent to the 
circle. A! / / ' .,.'■• 

171. Cor. A fadiu^Lor a diameter drawn from the < 
point of contact of a tangent to a circle is perpendicular " 
to that tangent; otherwise there might be two perpen- 
diculars to a straight line at one point; that is, two 
straight lines which shall meet it so as to make the 
adjacent angles equal ; which is impossible. 

179. An inscribed angle is one made by 2 chords 
and having its vertex in the circumference. An angle 
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inscribed in a segment is one made by 2 chords drawn 
from any point in the arc of the segment to the extremi- 
ties of its chord or base. 

An inscribed angle ACB, (fig. 102,) has for its mea- 
sure half of the arc AB intercepted between its sides. 

Dem, The centre of the circle, O, may be in /one of 
the sides ; between the sides ; or without the sides. 

Case I. (Fig. 102. 1.) Angle AOB = OCB + OBC, 
(la*.) OC = OB, consequently angle OCB = OBC, 
(laO j) therefore angle AOB = 2 OCB = 2 ACB. 

Case 2. (Fig. 102. 2.) Draw the diameter CD. 
Angle AOD = 2 ACD ; angle BOD = 2 BCD ; therefore 
angle AOD + B0« (= AOB) = 2 ACD + 2 BCD (= 2 
ACB.) ^^ J 

Case 3. (Fig. 102. ^ Draw the diameter CD. 
Angle DOB = 2 DCB ; angle DOA = 2 DC A ; therefore 
angle DOB — DOA (= AOB) = 2 DCB — 2 DCA = 2 
DCA,+ 2 ACB — 2 DCA (= 2 ACB.) 

Iti each of these cases the angle AOB is measured by 
the arc AB, consequently angle ACB = J AOB is mea- 
sured by the half of the arc AB. 

173. Cor. 1. All angles inscribed in the same or in 
equal segments are equal ; because each is measured 
by the half of the same or of equal arcs ; for example, 
angle CED = CGD, (fig. 106.) 

174. Cor, 2. Every angle, as ACB, ADB, (fig. 
103,) inscribed in a semi-circle is a right angle, for it 
has for its measure the half of a semi-circumference, 
that is, a quadrant. 

17ff. Cor, 3. Every angle, as ACD, CDB, (fig. 
103,) inscribed in a segment less than a semi-circle is 
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an obtuse angle, for it is measured hy the half of an arc 
greater than a semi-circumference. 

170. Cor. 4. Every angle, as ABO, ABD, in- 
scribed in a segment greater than a semi-circle is an 
acute angle, for it is measured by the half of an arc less 
than a semi-circumference. 

lyy. Cor, 5. In every quadrilateral inscribed in a 
circle, the sum of the opposite angles = 2 R. A. (Fig. 
105,) A + C = 2 R. A.; B + D=2 R. A. For the 

angle A is measured by ; the angle C is mea- 

sured by ^ ; therefore A + C are measured by 

arc DCB + arc DAB . , . - , . i. ' 
^ =a semi-circumference, which is 

the measure of 2 R. A. 






^ IT'S. The angles made by a tangent and a chord^ 
drawn from the point of contact, are equal to the angles 
inscribed in the alternate segments of the circle, (fig. 
106.) Angle DCB = CED and angle ACD = CHD; 
that is, each angle made by the tangent and chord is 
equal to the angle inscribed in the segment on the op- 
posite side of the chord. 

Dem. Draw the diameter CG. Angle GCB is a 
right angle (1^1 j) therefore angle GCD + DCB = 
GCB = 1 R. A. Angle GDC is a right angle (IW^j) 
therefore angle GCD + DGC = 1 R. A. (118;) con- 
sequently angles GOD + DCB = GCD + DGC ; there- 
fore angle DCB = DGC. Angle DGC = DEC, there- 
fore DCB = DEC. Again, angle CED + CHD = 2 
R. A. (177 5) angles ACD+ DCB = 2 R. A., conse- 
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quenUy angle CED + CHD = ACD + DCB ; CED = 
DCB ; consequently CHD = ACD. 

1T9* The radius of a circle ntaik be drawn six times 
as a chord of the same circle. f 

Dem. (Fig. 107.) In a circle draw the chord AB 
equal to a radius of the circle. Draw the radii OA and 
OB. We shall thus have an equilateral triangle OAB, 
consequently the angle AOB =s J R. A. = 60**. The 
angles about the centre O are together equal to 4 R. A. 
= 360*; consequently six angles each equal to AOB 
may be made about this centre. Equal angles at the 
centre intercept equal arcs ; and the chords which sub- 
tend those arcs are equal (166 j) consequently each of 
the chords of these 6 arcs is equal to AB. 

180. Cor, To inscribe a regular hexagon in a circle^ 
we have only to draw the radius six times as a chord. 
The angles of the hexagon will be equal ; since each is ' 
measured by the half of an arc equal to % of the cir- 
cumference. Thus the hexagon having equal sides 
and equal angles is a regular hexagon. ^ 

181. The preceding proposition enables^s to solve 
a problem of great practical utility, viz., to find very 
nearly how often the radius or diameter of a circle is 
contained in the circumference of the same circle ; that 
is the ratio which one bears to the other. Since a 

sS^ stmight line can never coincide with a curved line, this 
cannot be found directly ; nor with perfect accuracy ; 
but by comparing the circumference of a circle with the 
perimeter of an inscribed regular polygon, the ratio has 
been found by approximation^ as it is called. It is first 
compared with an inscribed hexagon. A chord being a 
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straight line is less than the arc which it subtends; 
therefore the circumference is more than six times as 
great as a radius of the same circle, or more than 3 
times as great as a diameter ; that is, the diameter mul- 
tiplied by 3 would not give us the length of the circum- 
ference. The smaller the chord the more nearly will it 
approach in magnitude to the arc it subtends; the 
greater the number of the sides of the inscribed polygon 
the more nearly will its perimeter approach to the cir- 
cumference of the circumscribing circle ; so that if the 
number of the sides were infinite the difierence between 
the perjmeter and circumference would be infinitely 
small. (Fig. 107.) From the centre O let fall a per- 
pendicular upon the chord EF ; thus the chord and the 
arc EF will both be bisected, at the points I and G re- 
spectively (16».) Draw GE and GF ; we thus have 2 
sides of an inscribed regular dodecagon. By means 
of the right-angled triangles OIF and GIF, by a pro- 
cess which will hereafter be explained (98O5) we can 
find the magnitude of a side of this dodecagon. The side 
of the dodecagon is then bisected in like manner, and 
the magnitude of the side of a regular inscribed polygon 
of 24 sides is found. We thus approximate more and 
more nearly to the truth. The process has been con- 
tinued until the perimeter of the inscribed polygon 
consisted of many thousand sides. The diameter of the 
circumscribed circle being taken equal to 1, the calcu- 
lation of the perimeter of the inscribed polygon has 
been carried to 140 decimals ; but the value 3.1415926 
is near enough for all purposes ; that is, the circumfer- 
ence of a circle is 3.1415926 times greater than its 
diameter. For ordinary put-poses the expression 3.14 

=-TTrjr will be found sufficiently accurate. If the cir- 

11 ^^ 
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cumference is dirided into 314 parts, the diameter will 
contain 100 of these parts; and by muUiplying the dior- 

meter of any circle by ^i_ we obtain the circumference 

of that circle. For example, let the diameter of a circle 

10 X314 
be 10 feet ; the circumference is — -— — = 31-^ feet. 

If the circumference is known, the diameter may be 
found by m^ultiplying the circumference by 100 and 
dividing the product by 314. For example, if the 
circumference of a circle is 50 feet, the diameter is 



8. Mensuration of Circles^ 

■ 

189. The quadrature or squaring of the circle, that 
is, the finding the area of a circle, is a problem upon 
which a great deal of time has been wasted. It never 
can be solved exactly. We can obtain the approximate 
area by considering the circle as a regular polygon hav- 
ing an infinite number of sides. The area of such a 
polygon is found by multiplying its perimeter by half 
the radius of the inscribed circle. But the perimeter of a 
polygon having an infinite number of sides may be con- 
sidered as coinciding with the circumference of the 
inscribed circle, since the difference will be infinitely 
small. Hence the radius of the inscribed circle and the 
radius of that to be measured will be equal; and there- 
fore the area of a circle may be found by mtdtiplying its 
circumference by half its radius. 

For example, if the diameter of a circle is 8 feet, 
what is the area of the circle "? Answer. The circum- 



\ 
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ference of the circle will be — t^^-t — = 26 A feet Mul- 

100 ^ 

tiply 25^ feet by i the radius or ^ the disuneter, and 

we have 25jps X 2 = 50^ square feet for the area of the 

circle. 



183* The process for finding the area of the sector 
of a circle, that is, the portion contained between an arc 
and the radii drawn from its extremities as OADB, (fig. 
99,) is easily deduced from the preceding proposition. 
The arc may be considered as made up of infinitely 
small straight lines, from the extremities of which radii 
may be drawn. The sector will thus be divided into 
triangles, and its area will be equal to the sum of the 
products of the bases of the triangles by ^ their alti- 
tudes. The triangles have a common altitude equal to 
the radius, and the sum of their bases is equal to the 
arc of the sector ; therefore the area of the sector of a cir- 
ck is equal to the product of its arc by half its radius. 

184. The area of the segment ABD, (fig. 99,) is 
found by subtracting the area of the triangle AOB from 
the area of the sector OADB. 

185. The area of an annular surface is found by 
subtracting the area of the smaller circle from that of 
the greater. 

» 

186. It is often required to measure a figure bounded 
in part by straight and in part by curved lines, as 
ABCDEH (fig. 108.) Draw the straight line HD. 
The area of the pentagon ABCDH is equal to the sum 
of the areas of the triangles into which it may be 
divided by the diagonals HB and HC. In the curve 
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line DH take any pointis E, F, G, so that the parts DE, 
EF, &c., may without any material error be considered 
as straight lines. Draw HE and HF. Find the areas 
of the triangles HED, HFE, and HGF, and their sum 
added to the area of the pentagon will be the area of the 
entire figure. 



V. Solids. 
1. Of Solids in General. 

187. We have supposed a surface to be the space 
described by the motion of a line ; in like manner a 
solid may be supposed to be produced by the motion of 
a surface in any direction but that of its length or 
breadth. The surface itself has extension in two direc- 
tions, and the motion produces an extension in a third 
direction, viz., in thickness; thus a soUd has three 
dimensions of extension, viz., length, breadth, and 
thickness. As lines are terminated by points, and sur- 
faces by lines, so solids are terminated by surfaces. 
These surfaces may be either plane or curved. For 
example, a triangle, quadrilateral, or other rectilineal 
figure, moved in a direction perpendicular to itself, 
generates the prism, a solid bounded by plane surfaces. 
A right-angled triangle, revolving on one of those sides 
which include the right angle, generates a cone, a solid 
bounded by one curved and one plane surface. A rec- 
tangle revolving on one of its sides generates a cylinder, 
a solid bounded by one curved and two plane surfaces. 
A circle or a semi-circle revolving on its diameter gener- 
ates the sphere, a solid bounded by one curved surface. 
The three solids last named, viz., the cone, the cylinder, 
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and the sphere, are called the three solids of revolution^ 
or the three round bodies. 

2. Mensuration of the Surfaces. 
The Prism and Cylinder, 

188. The convex surface of a prism is composed of 
parallelograms having an equal altitude. The hases of 
the prism are equal polygons. Find the area of each 
facej and the sunt of the whole will be the superficial con-- 
tents of the prism, 

189. Since the cube is bounded by 6 squares, and 
consequently by equal faces, its superficial contents 
may be found by taking the area of one face 6 times. 

For example, if the side of a cube = 2 feet, then the 
area of one face = 2 x 2 = 4 square feet, and the su- 
perficial contents of the whole cube will be equal to 
4 X 6 = 24 square feet. 

190. The surface of a perpendicular cylinder con- 
sists of two equal circles, and of a convex surface which 
is equivalent to a parallelogram, whose base is equal to 
the circumference of one of the bases of the cylinder, 
and whose altitude is equal to the altitude of the cylin- 
der, (fig. 6.) Therefore the area of the convex surface 
of the cylinder is found by multiplying the circumference 
of one of the bases by the altitude of the cylinder. To 
this product add the areas of the bases, and we shaM 
have the superficial contents of the whole cylinder. 

The Pyramid and Cone. \ 

\ ' 

191. The base of a pyramid is a polygon) and its 
convex surface is composed of triangles. Find the area 
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of each separately, and the sum of the whole will be 
the superficial contents of the pyramid. 

If the hase is a regular figure, and the pyramid is 
perpendicular, that is, if a perpendicular let fall from 
the vertex (or point where all the triangles meet) to the 
hase, passes through the centre of the base, then all the 
triangles of the convex surface will be equal, and its 
area may be found by multiplying the sum of the sides 
of the base by J the altitude of one of the triangles. 

19S. The Cone may be considered as a perpendicular 
pyramid whose convex surface is composed of an infi- 
nite number of equal triangles. Consequently the convex 
surface of the cone is eqtial to the product of the circiim" 
ference of its base multiplied by half its side, as the 
straight line AB, (fig. 11,) drawn from the vertex of the 
cone to the circumference of the base, is called. 

By examining the skeleton of the cone, (fig. 11,) you 
will find that its convex surface is equal to a^sector of 
a circle, whose radius is equal to the side of the cone, 
and whose arc is equal to the circumference of the base 
of the cone. The area of the sector is found by multi- 
plying its arc by half its radius, consequently the area 
of the convex surface of the cone is found by multiply- 
ing the circumference of its base by half its side. To 
this product add the area of the base, and we have the 
superficial contents of the cone. 

Example. What are the superficial contents of a cone 
whose side is 12 feet, and the radius of whose base is 5 
feet? Answer, The circumference of the base is 

— -— - — = 31f feet; therefore the area of the base is 



• A 31f X 4 = 7'8^ square feet. The convex surface is 
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12 

31 1 X -g- ^ 188f square feet. The superlScial content 

of the cone is 78^ fi 188f= 266^9^ square feet. x. 

Regular Solids. 

193. All the faces of the regular solids .are regular, 
and th^rgfore equal figures. Consequently the superfi- 
cial contents ofu regular solid are equal to the area of one 
of its faxies multiplied by the number of faces. 

The Sphere, 

194. As a regular polygon is inscribed in a circle, 
and the circumference of the circle compared with the 
perimeter of the polygon, inppder to get the approx- 
imate ratio of the circumference to the diameter of a 
circle; so we can suppose a regular polyedron, as a 
solid bounded by plane faces is called, to be enclosed 
within the sphere, and the superficies of the sphere to 
be compared with that of the polyedron. In this man- 
ner the method of calculating the superficial contents of 
the sphere has been learnt. It is found that it is equal 
to the product of the diameter of the generating circle 
mult^lied by its circumferefice. This circle, and indeed 
all circles, whose centres coincide with that of the 
sphere, are called great circles of the sphere. The 
diameter of a sphere is a line passing through the centre 
and terminating both ways in the surface. 

The area of a circle is equal to the product of its cir- 
cumference by half its radius, or one fourth of its di- 
ameter, (189 j) consequently the surface of a sphere is 
equal to four times the area of a great circle. 

Example. If the diameter of the sphere is 10 inches, 
then the circumference of a great circle of that sphere 
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will be — j^ — = 31| inches ; and the area of a great 
circle will be 31| X -r- square inches. The surface of the 

sphere will be 31f X-^X4 = aifXlO square inches; 

that is, the surface of the sphere is equal to the circum- 
ference of ^ great circle multiplied by the diameter of 
the sphere. V^ 

3. Mensuration of the Solidity. 

lOS. The Cube is the most simple of solids, since its 
three dimensions are the same. Therefore, a cube 
whose side is a linear unit has been adopted as the unit 
of solidity. As its sides are linear units, its faces are 
the squares of those linear units, that is, they are super- 
ficial units. If the side be one inch, the face will be 
one square inch, and the whole body one cubic inch ; if 
the side be a foot, the face will be a square foot, and the 
whole solid a cubic foot. To measure a solid we seek 
how many of these units may be contained in the solid, 
or into how many cubes of equal magnitude with that 
taken for the unit, the solid to be measured may be 
divided. As we used the word area to denote a surface 
considered as measured ; in a like maimer we use the 
word solidity to denote the magnitude of a solid or its 
bulk. The terms volume and solid contents have a sim- 
ilar import. 

The Prism and the Cylinder, 

196. If the parallelograms composing the convex 
surface of a prism are perpendicular to the base, it is 
called a right prism ; otherwise it is called an oblique 
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prism. If the bases of a prism be parallelograms, then 
all its faces will be parallelograms, and the prism is 
called a paraUehpiped. If all the faces are rectangles it 
is called a rectangular parallelopiped. 

107. We will first seek the method of finding the 
solidity of a rectangular parallelopiped. Let us sup- 
pose its base to be 4 feet long and 3 feet broad, then the 
area of this base will be 4 X 3 = 12 square feet. 

If the parallelopiped be 1 foot thick or high, it is ap- 
parent that it may be divided into 12 lesser solids, each 
of which will measure 1 cubic foot ; consequently the 
w^hole parallelopiped -^11 measure 12 cubic feet; which \-^ 
is equal to 4 X 3 X 1, that is, to the product of its three ^ 
dimensions. If the parallelopiped is 2 feet high, then 
there may be two layers of the small solids, that is, twice 
as many as before, and the solidity of the parallelopiped 
will be 4 X 3 X 2, that is, the product of its three di- 
mensions. Hence we infer that the solidity of a rec- 
tangular parallelopiped may be found by multiplying 
together its three dimensions ; or, since the product of 
its length and breadth is the area of the base, it may 
be expressed shortly ; The solidity of a rectangular par- 
allelopiped is equal to the product of its base by its altitude. 

The altitude of a prism is a perpendicular let fall 
from one base to the other, or to the other produced. 
In a right prism the altitude is equal to each of the 
upright sides. In this oblique prism (fig. 110) the line 
EG is the altitude. 

198. The cube is a rectangular parallelopiped, of 
which the three dimensions are the same, consequently 
the solidity of a cube may be found by multiplying one 
side into itself twice. For example, if the side of a cube 
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is 8 inches long, then its solidity is 8 X 8 X 8=612 
cubic inches. Thus 1 cubic foot = 12 X 12 X 12 = 
1728 cubic inches. 

109. Let us suppose a rectangular and an oblique 
parallelepiped of equal altitude, to be constructed upon 
the same base. The rectangular paralielopiped is formed 
of an infinite number of rectangles, the bases of which 
compose the base of the paralielopiped; and the oblique 
paralielopiped is formed of an infinite number of oblique 
parallelograms, the bases of which compose the base of 
the parallelepiped. These component rectangles and 
/ <y parallelograms are equivalent, ^^tfttf) their sums must 
/ be equivalent, that is, the two parallelepipeds are equiv- 
alent. The solidity of a rectangular paralielopiped is 
found by multiplying its base by its altitude; conse- 
quently, the solidity of any paralielopiped may be found 
by multiplying its base by its altitude. 

300. Every parallelepiped may "he divided into two 
equal prisms, the bases of which are equal triangles. 
The solidity of each of these triangular prisms is one 
half the solidity of the whole paralielopiped; it may 
therefore be found by multiplying the altitude of the 
parallelepiped by one half its base. But each of the 
triangles which are the bases of the triangular prism is 
one half of the base of the parallelepiped ; consequently, 
the solidity of the triangular prism may be found by 
multiplying its base by its altitude, 

301. Every prism may be divided into as many 
triangular prisms, as the polygon taken for its base can, 
by diagonals, be divided into triangles. The solidity 
of the entire prism is equal to the sum of the products 
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of the base of each triangular prism multiplied by its 
altitude. But the triangular prisms and the entire 
prism have an equal altitude, and the sum of all the 
bases of the triangular prisms is equal to the base of the 
entire prism ;v consequently, the solidity of any prism is 
equal to the product of its base multiplied by its altitude, 

ftOft* The cylinder may be considered as a prism 
whose convex surface is composed of an^infinite number 
of parallelograms ; consequently the solidity of the cylin-- 
der may be found by multiplying its base by its altitude. 
By the altitude is to be understood a perpendicular which 
measures the distance between the two bases. 

Example. If the altitude of a cylinder is 8 inches, 
and the diameter of its base 6 inches, what is the solidity 
of the cylinder? Answer. The circumference of the 

base is — — -r — =18^ inches; and the area of the 
lUU 

6 471 X 6 

base 18y^ X -7-= — r^,^ = 23i j- square inches. Con- 
• 4 100 

sequently the solidity of the cylinder is 28^ X 8 = 

226^ cubic inches. , 

/ 

/ ' The Pyramid and the Cone. 

* \ 

208» Every triangular prism may be divided into 3 
triangular pyramids. Experiment will best show how 
this may be done. In this figure (fig. 110) we have a 
representation of it. ABC and DEF are the bases of a 
triangular prism, which is divided by the planes ABP 
and DFB into 3 triangular pyramids. These pyramids 
are equivalent^ that is, equal in solidity, one to the other. 
It may be demonstrated that pyramids which have 
equal bases and equal altitudes are equivalent. It is 
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evident that the bases and altitudes of the two pyra- 
mids F-ABC and B-DEP are equal, consequently 
these two pyramids are equivalent. Let us now com- 
pare the pyramid F-ADB with B-DEF, of which we 
now suppose DEB to be the base. It is at once evi- 
dent that these two pyramids have equal bases and 
equal altitudes, and therefore are equivalent, conse- 
quen tly F - ADB = B - DEF = F - ABC. 

The triangular pyramid is, therefore, ^ of a triangular 
prism of equal base and altitude. The solidity of the 
triangular prism is equal to the product of its base by its 
altitude, consequently, the solidity of a triangular pyra- 
mid is equal to -J of the product of its base by its alti- 
tude, or, to the product of its base by ^ of its altitude. 

3M:. Every pyramid may be divided into triangular 
pyramids ; consequently, the solidity of any pyramid is 
equal to the prodtcct of its base multiplied by ^ of Us 
aUitude, 

90t$« The Cone may be considered as a pyramid 
whose convex surface is composed of an infinite number 
of triangles, consequently, the solidity of a cone is equal 
to the product of its base m^ultiplied by i of its altitude. 

Other Solid Bodies. 

908. The Tetraedron is a triangular pyramid. The 
Octaedron may be divided into 8 pyramids having 
equal bases and altitudes. Each of these pyramids will 
have a face of the polyedron for its base, and ^ of a face 
axis for its altitude. The vertices lie together at the 
middle of the octaedron. The solidity of the octaedron 
is equal to 8 times the solidity of each pyramid. In a 
similar manner the dodecaedron may be divided into 
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12, and the icosaedron into 20 pyramids. In general 
the solidity of .any polyedron may be found by dividing 
it into pyramids ; find the solidity of each pyram^id^ and 
the sum, of all wiU be the solidity of the entire solid. 

The Sphere, 

907. Let US suppose the sphere to be converted into 
a polyedron with an infinite number of faces. We can 
suppose each of these faces to be the base of a pyramid, 
with its vertex at the centre of the sphere. Each of 
these pyramids will have a radius of the sphere for its 
altitude. Thus the solidity of the sphere is equal to 
that of a pyramid having a base equivalent to the sur- 
face of the sphere, and an altitude equal to the radius 
of the sphere. Consequently the solidity of the sphere 
may be found by multiplying its surface by ^ its radius 
or J its diameter. The surface of a sphere is 4 times 
the area of a great circle of the same sphere ; therefore 
the solidity of a sphere is equal to the product of a 
great circle of that sphere multiplied by f the diameter. 

Exam,ple. If the diameter of a sphere is 4 feet, what 
is its solidity 7 Answer, The circumference of a great 

circle is — ■ feet ; therefore the area is -^ y,4. square 

feet = 12^1 square feet; and the solidity is 12^ X 2| 
= 33H cubic feet. 

908. The surface of a sphere is equal to the product 
of the circumference of a great circle multiplied by the 
diameter ; and the product of this surface multiplied by 
J the diameter is the sohdity of the sphere. Thus the 
solidity of a sphere may be found by multiplying the 
circumference of a great circle by J the square of the 

12 
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diameter. Again, the circumference of a great circle is 

equal to the product of the diameter multiplied by j— • ; 

consequently the solidity of the sphere is equal to the 
product of I of the cube of the diameter multiplied by 

— - , which is equal to the cube of the diameter multi- 

plied by ^rrp:, or by its equivalent decimal fraction, .523. 

That is, the solidity of a sphere is equal to tlid product 
of the cube of its diameter multiplied by .523. - 



Miscellaneous Propositions. 



/ 



SOO. To find the distance between two objects^ when 

it cannot be directly measured^ as, for example, between 
A and B, (fig. Ill,) which are separated by a sea. 

^0^. Take any point C, so that the lines CA and 
CB can be directly measured with a rod or a chain. 
Produce these lines beyond C, taking CD = CA, and 
CE = CB. Because C A = CD ; CB = CE and angle 
ACB = DCE, (107 5) therefore triangle ACB = DCE, 
(ISI65) consequently AB = DE. Measure DE and we 
have the required distance AB. 

310. To find the distance between two objects^ ofily 
one of which can be reached. 

Suppose the line AB, (fig. Ill,) the point A being 
accessible. 

Sol Draw from A a straight line in the direction of 
AB. Draw AC perpendicular to such line, and of any 
convenient length; produce AC, taking CDasAC; upon 
CD at the point D erect a perpendicular; through C 
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draw a straight line in the direction BC and produce it 
until it intersects at E the perpendicular erected upon 
CD. Now AC = CD, angle A = D (being R. A.,) and 
angle ACB = DCE, (107 5) therefore triangle ACB = 
DCE, (197 }) consequently AB = DE, The length 
of AB is found by measuring DE. 

311. To divide a given triangle ABC, (fig. 112,) 
into two equivalent parts by a straight line, 

Sol. 1. Draw the line AD from the vertex of one 
of the angles A to the middle of the opposite side. Now 
BD = DC ; that is, the triangles ABD and ADC have 
equal bases, and since their altitudes are also equal, the 
triangles are equivalent, (ItiS.) 

Sol. 2. Suppose it is required to draw the dividing 
line from the point D in one of the sides AB of the 
given triangle. Bisect the side AB, (fig. 113,) at E. 
Draw CE and CD. Now the triangle BDC is greater 
than i ABC by the part EDC ; therefore we must take 
from triangle BDC a part equivalent to EDC. Draw 
EG parallel to DC ; and then draw DG, which will be 
the division line required. For triangle EDC = CDG; 
since they have the same base CD, and an equal alti- 
tude. If therefore we take the triangle CDG from the 
triangle CDB, we shall take a part equivalent to EDC. 
There will remain the triangle BDG = BEC ; and con- 
sequently = J ABC. Thus the line DG divides the 
triangle ABC into two equivalent parts. 



/ 



fttfim To transform a parallelogram, ABCD, (fig. 
114,) into a triangle of equal area. 

Sol. Produce one side of the parallelogram BC, tak- 
ing CE = BC. Draw AE. The triangle ABE is the 
cue required. 
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Dem. Draw AC. Triangle ABC = ACE and tri- 
angle ABC=ACD, (IS85) therefore triangle ACE= 
ACD. Add triangle ABC to each side of this equation, 
and we have ACE + ABC (= ABE) = ACD + ABC 
(== parallelogram ABCD.) That is, if a triangle has 
an equal aUitvde and twice a^ great a base as a paral- 
lelogram^ the triangle will be equivalent to the paraUelo^ 
gram. 

S13» To constrtici a triangle which shall be 1^ tim^s 
as great as a given parallelogram, ABCD. 

Sol (Fig. 115.) Produce BC and take BE =3 
BC. Draw BD and DE. BDE is the required tri- 
angle. 

Dem. Draw DF. Triangle BCD = DCF = DFE, 
(1«8.) Triangle BCD = ^ paraUelogram ABCD; 
therefore BDE = 3 X i ABCD = li ABCD. 

S14. To transform, a triangle into a paraUelogram 
of equal area. 

Sol Construct a parallelogram upon J the base of 
the triangle, with an altitude equal to that of the trian- 
gle. It can readily be demonstrated that such a paral- 
lelogram will be equivalent to the triangle. 

If it is required that the parallelogram should have 
an angle of a given size ; then bisect BC, (fig. 116,) at 
D. Make at D, in line DC, an angle equal to the given 
angle. Through A draw AF parallel to BC; and 
through C draw CF parallel to DE. DCEF is the 
parallelogram required. 

SlcS. In a parallelogram two intersecting diagonals 
bisect each other. 

Dem. (Fig. 117.) AB = DC, (147 }) angle EAB 
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= ECD and angle EBA = EDO, (110,) consequently 
triangle AEB == DEC ; therefore EB = ED and EA 
= EC. 

316. Two diagonals dravm in a square or a lozenge 
cut each other at right angles ; in aU other parallelo- 
grams at oblique angles, 

Dem. Let ABCD, (fig. 118,) be a square or a 
lozenge ; then AE = EC, (ai*,) DE = DE ; AD = DC 
by supposition; consequently triangle AED=CED, 
(4M^';) therefore angle AED = CED; and conse- J3Y 
quently DE is perpendicular to AC (9.) 

2. Let ABCD, (fig. 117,) be a rectangle or a rhom- 
boid, in which the sides AB and DC are greater than 
AD and BC. AE = AE, ED = EB, (SIS,) but AB 
>AD; therefore angle AEB> AED, (144,) But 
angle AEB + AED = 2 R. A. (106 j) therefore AEB 
>1 R. A., and AED<1 R. A., that is, AC cuts DB 
obliquely. 

317. Two diagonals drawn in a sqtiore or a lozenge 
divide the angles into eqtml parts ; in all other paraUeh- 
grams into uneqtud parts. 

Dem. Let ABCD, (fig. 1 18,) be a square or a lozenge ; 
then AB = AD ; AC = AC ; BC = DC ; therefore trian- 
gle ABC =ADC ; consequently angle CAB = CAD. 

In parallelogram ABCD, (fig. 117,) side AB>BC; 
therefore angle ACB> CAB, ^tSSfJ But angle ACB JS'f^ 
= CAD, (110 5) therefore angle CAD > CAB. 

21 §• To divide a parallelogram inio 2, 3, 4, ^o. 
equal parts. 

Sol. (Fig. 119.) Divide any side AB into the re- 
quired number of parts, and through the division points 

12* 
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draw lines parallel to the side AD ; the given parallelo- 
gram will thus be divided as was required. 

319. Let GF (fig. 120) be a straight line drawn 
through the middle of a diagonal of a paraUelogram ; 
how will it divide the parallelogram ? 

SoL Triangle ADC = ABC, (146.) EC = EA, 
angle ECG=EAF and CEG==AEF, (107,) there- 
fore triangle EGC = EFA. Consequently triangle 
ADC — EGC (= quadrilateral AEGD) = triangle ABC 
— EFA (= quadrilateral ECBF.) Again, triangle 
EGC = EFA, therefore AEGD + EFA = AFGD = 
ECBF + EGC = BFGC ; that is, the parallelogram 
ABCD is divided into two equal parts. 

390. Let ABC (fig. 121) be a right triangle of 
which B is the right angle. Upon each side of the 
triangle construct a square. What ratio will the square 
constructed upon the hypothenuse bear to the squares cou" 
structed upon the sides which include the right angle 1 

Sol, If the side AB = BC, the squares constructed 
upon those sides will be equal, and a perpendicular let 
fall from the vertex of the angle B upon AC will bisect 
AC, (I3S5) and if produced will bisect the square 
ACDE. If AB>BC, then square ABFG>BCKH, 
and the perpendicular let fall from the vertex of the 
angle B will divide AC and also the square ACDE into 
2 unequal parts ; the greater part being nearest to A. 

Let fall upon AC the perpendicular BL, and produce 
it to M. Draw BD and AK. The triangle ACK = ^ 
BCKH, (l«a.) Triangle BCD = J CLMD. In tri- 
angles ACK and BCD Ave have AC = CD and CK = 
CB ; angle BCK = ACD being right angles and BCA 
= BCA ; therefore angle BCK + BCA (= angle ACK) 
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= ACD + BOA (== BCD ;) therefore triangle AOK = 
BCD, (19G^) consequently twice the triangle ACK (= 
BCKH) is equal to twice the triangle BCD (= CLMD.) 
It may be demonstrated in a similar manner, that the 
parallelogram ALME = square ABFG. Consequently 
CDML + LMEA = square ACED == square AFGB 
-j- BCKH. That is, in every right-angled triangle the 
square of ihe hypothenvse is equal to the sum of the 
squares of the other two sides. This is called the pro- 
position of Pythagoras, because he first discovered the 
ratio. 

331* Cor. 1. The square of the hypothenuse of a 
right-angled isosceles triangle is equivalent to twice the 
square of one of the equal sides. 

Cor. 2. A square circumscribed about a circle is 
double a square inscribed in the same circle. For the 
side of the former is equal to a diagonal of the latter, 
and is consequently the hypothenuse of a right-angled 
isosceles triangle. /^ 



To construct a square which shall be equal to 
2 given squares. 

Sol. (Fig. 122.) Let M and N be the sides of the 
given squares. Construct a right angle ; take one of its 
sides equal to M, and the other side equal to N. Con- 
nect the extremities of these sides by the line X. The 
square constructed upon X will equal the sum of the 
squares of the sides M and N. \ . 



If it is required to construct a square which 
shall be equal to the sum, o/" 3, 4, 5 or m,ore squares^ a 
similar method is adopted. Suppose, for example, the 
sides of the given squares are M, N, O, P, and Q, (fig. 
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122.) Make a right angle. Take one of its sides equal 
to M, the other equal to N. Draw X. Upon X, at its 
extremity, erect a perpendicular, and take in it a part 
equal to O. Draw Y. Upon Y, at its extremity, erect 
a perpendicular equal to P. Draw Z. Erect a per- 
pendicular at the extremity of Z. Draw T. Now 

2 —2 —a —2 —2 — 2 — 2 --2 —-2 — 2 

V=Cl+Z; Z=P+Y; Y=0+X;X = 
mV n"" ; consequently V^ = m"* + N^" + o''+ p''+ Q^\ 

3S4. To construct a square which shall be 4, 9, 16^ 
90, 100, 105, 4*^-j times as great as a given square. 

Sol. Produce the sides of the given square, until the 
produced parts shall be 2, 3, 4, 10, &c., times as great 
as the sides themselves; upon these parts construct 
squares, and such squares will be quadruple, nine times 
&c., the given square. 

If it is required to construct a square which shall be 
90 times as great as a given square, the operation will 
be somewhat more intricate. The shortest method is to 
take the next smallest square of a whole number, which 
is 81. Now 90 = 81 + 9. Construct squares 81 times 
and 9 times as great as the given square, and place the 
two squares together at right angles with each other. 
Draw a line connecting the sides of the two squares 
which include the right angle, and such line will be a 
side of the required square. For example, (fig. 123,) 

AC^= AbV BC^= 9 X 1 + 81 X 1 = 90 X 1 ; the 
sides of the given square being equal to 1 part, a square 
constructed upon AC will be the square required. Sup- 
pose it is required to construct a square 105 times as 
great as a given square. 105 = 100 + 4 + 1- Make a 
right angle ; take one of the sides 10 parts long; and the 
other side 2 parts long; dra-yv the hypothenuse. At the 
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extremity of this erect a perpendicular 1 part long. 
Draw again an hypothenuse, and it will be a side of the 
required square.\ 



To construcl a square which shall be equal to 
the difference of two given squares, 

Sol. (Fig. 122.) Let N and X be sides of the given 
squares. Make a right angle. Take one side of it 
equal to N, a side of the lesser square. From the ex- 
tremity of this side of the angle as a centre, with a radius 
equal to X, a side of the greater square, describe an arc, 
which will intersect the other side of the angle. Thus 
we get M, which is a side of the required square. For 

M V N^ = X^; therefore M ""= X^ — N^ 



The angle formed by the intersection of two 
chords (produced) without a circle is equal to the differ^ 
ence between the two angles in the circumference stand- 
ing upon the arcs intercepted by the two chords. 

Dem. Draw BC. (Fig. 124.) Angle ABC = BEG 
+ BCE, (1*4 ,) therefore angle BEG = ABC — BCR 



An angle formed by the intersection of two 
chordsy (AB and CD,) within a circle is equal to the sum 
of the angles in the circumference standing upon the 
ares intercepted by the chords. 

Dem. (Fig. 125.) Draw the chords AG and BD. 
Angle AED = ACD + CAB, (laA,) In like manner 
angle CEB = ABD + CDB. 



To draw a tangent to a circle, whose centre is 
Oyfrom a point D without the circle, (fig. 126.) 
Sol. Draw DO. Upon DO as a diameter describe a 
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circumference, which will intersect the circumference 
of the given circle at two points, A and B. Draw DA 
and DB, hoth of which lines are tangents to the given 
circle. 

To demonstrate this let us draw the radii OA and 
OB. Now each of the angles OAD and OBD is a right 
angle, (174.) OA is perpendicular to AD and OB to 
BD; and consequently AD and BD are tangents, 

(iro.) 

930. Again, OD = OD; OA = OB; angles OAD 
and OBD are right angles ; therefore triangle OAD = 
OBD, (ISffj) consequently AD = BD; that is, two 
tangents to a circle drawn from the same point, and not 
produced beyond the point of contact, are equal, 

990. Since the triangles OAD and OBD are equal, 
angle ODA = ODB ; that is, the angle formed by the 
intersection of two tangents to the sam^ circle is bisected 
by a straight line drawn from the centre of that circle to 
the vertex of the angle. 

331 • To transform a rectangle into a square. 

Sol, Upon the greatest side AB of the rectangle 
ABCD, (fig. 127,) construct a square ABF6. Upon 
AF as a diameter describe a semi-circle. Produce CD 
to the circumference at E. Draw AE. A square con- 
structed upon AE will be equivalent to the rectangle 
ABCD. 

Dem, Draw EF. Angle AEF is a right angle, 

(174,) therefore AE V EF^= AF^= ABGF. ED 
is perpendicular to AF, therefore EA = ABCD, (330*) 
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To draw a meridian line ; that is, to draw a 
horizontal straight line in the direction. North and South. 
At noon the shadows of objects fall in the direction of 
their meridian line. Such a line is used in the con- 
struction of sun dials. 

Sol, Erect upon an exactly horizontal plane a per- 
pendicular rod. From the foot of the rod, as a centre, 
with radii of any length, describe two or more concen- 
tric circles. The length of the shadow of the rod will 
become less as the sun becomes higher ; therefore there 
will be a moment when the end point of the shadow 
will lie in the circumference of the greater circle. Mark 
this point in the circumference. In the afternoon the 
length of the shadow will again increase, and there will 
be a moment when the end of the shadow will again lie 
in the circumference of the greater circle. Mark this 
point Connect by a straight line the two points thus 
found. Bisect this straight line, and at the middle 
point erect a perpendicular. Such perpendicular will 
mark the direction in which the shadows fall at noon ; 
it is therefore the meridian line. By proceeding in the 
same manner with the second circle the accuracy of the 
first observation will be tested. 




Upon a given straight line to describe a seg- 
ment which shall contain a given angle ; that is, a seg- 
ment such thai the angle having its vertex in the arc^ and 
its sides standing upon the extremities of the segment^ 
shall be equal to the given angle. 

Let AB be the given straight line and O the given 
angle, (fig. 129.) 

Sol, At the point A in line AB make an angle BAG 
equal to the given angle O. Upon AC at AT erect a 
perpendicular. Bisect AB and at the middle point O 
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erect a perpendicular. The two perpendiculars will 
intersect each other at D. From D as a centre with ra- 
dius DA describe a circle : AEB is the required segment. 
Make any angle in the circumference of this segment, 
for instance, AEB ; then is angle AEB = angle BAG = 
angle O. 

Dem. Angle DAC = 1 R. A. ; therefore angle DAG 
is < 1 R. A. Angle DGA = 1 R. A. ; therefore angle 
DG A + angle DAG <] 2 R. A. Consequently the per- 
pendiculars intersect each other, (119.) 

GA =^B, dc = GDy^angl^GA =^^gle ^B ; 
'^ theri^re mangle^GA = tli^ngleiaGB, thfei^fore^A 
= D^. Thus the circle which is described from D, 
with radius DA, passes also through B. Now AC is a 
tangent to the circle, (170 j) therefore angle AEB = 
angle CAB, (178,) which was to be proved>- ' 

334. To construct a triangk of which the base, the 
/ altitude, and the angle opposite to the base are given. 

(Fig. 128.) Let M be the base, N the altitude, and 
O the angle opposite to the base. 

Sol, Draw a straight line ; take AB = M ; describe 
upon AB a segment capable of containing the angle O. 
Upon AB at any point G erect a perpendicular, and in 
it take GC = N. Through C draw a line parallel to 
AB. From the points D and E where this parallel cuts 
the arc of the segment draw the straight lines DA, DB, 
EA, EB ; either of the triangles DAB and EAB is the 
triangle required. 

33«i. In every circle equal chords are at an equal dis- 
tance from the centime ; and- if two chords are at an equal 
distance from the centre they are equal, 
: Dem, (Fig. 130.) 1. Let AB=:CD. Draw the 
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radii OA and OG. Because AB = CD, therefore ^ AB 
:5=AE«iCD=CP; 0A=PC; therefore the right- 
angled triangles OEA and OFC are equal, (138 j) 
therefore OEo: OF. 

2. LetOE:;3=OF. In the right-angled triangles OEA 
and OFC we have OA = OC, and OE == OF ; there- 
fore triangle OEA == OFC ; therefore AE == CF. But 
AE = J AB, and CF = ^ CD ; therefore AB = CD. 



Of two unequal chords the greater is at the 
least distance from the centre, 
Bern. (Fig. 130.) Let HI >CD; therefore GI> 

CF. Now Gi*4- GO''=Ol^ and CP''+ 0F^= Oc'', 

(290.) Now Oi^ = OC^; therefore gI*+ G0^= CF^ 

•f OF^ . But GI^> CF^ ; therefore 0G^< OF *; there- 
fore 0G< OF. 



Cor. The diameter is the greatest chord in a 
circle, because it is at no distance from the centre. 

S3S» To describe a circle whose circumference shaU 
pass through two given points, as A and B, (fig. 129.) 

Sol. Draw the straight line AB ; this line will be a 
chord of the required circle. Bisect AB, and at the 
middle point G erect a perpendicular. A circle de- 
scribed from any point of this perpendicular with a 
radius equal to the distance between such point and A 
or B, will pass through the points A and B. 



To describe a circle whose circumference shall 
pass through three given points not in the same straight 
UnCy as A, B, and C, (fig. 131.) 
Sol Draw the straight lines AB and BC, which will 

13 
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be chords of the required circle. At the middle of eacli 
of these lines erect a perpendicular. Both of these per- 
pendiculars will pass through the centre of the required 
circle, (100,) which must therefore be the point O at 
which they meet. A circle described from this point 
with a radius equal to OA or OB, will be the one 
required. 

3<10» We have here solved another problem, namely, 
to describe a circle about a given triangle. 

341* To describe a circle about a regular polygon 
ABODE, (fig. 97.) 

Sol The sides of the given polygon will be chords 
of the required circle. Find the centre of this circle by 
erecting perpendiculars upon the middle^points of these 
chords. This centre being in each perpendicular is at 
the same distance from the extremities of each chord. 
This distance is therefore the radius of the required 
circle. 

3^» To describe a circle whose circumference shall 
touch both the sides of a given angle. 

iSol. Let A be the angle, (fig. 132.) In the two 
sides take AC = AD, and at the points D and C erect 
perpendiculars which will intersect each other at O. 
From O as a centre, with a radius OC, describe a circle, 
which will be the circle required. 

Dem. Draw OA. By construction AC = AD ; AO 
= AO ; angle ACO = ADO being right angles ; there- 
fore triangle ACO = ADO, therefore OC = OD. There- 
fore a circle described from O with a radius OC will 
pass through D and C ; and since the radii OC and OD 



MISCELLANEOUS PROPOSITIONS. 129 

are perpendicular to the sides of the angle, these sides 
will be tangents to the circle, (170.) 

343. Remark, Since triangle ADO = ACO, there- 
fore angle DAO = CAO ; that is, an angle is bisected by 
a line drawn from its vertex to the point of intersection 
of perpendiculars erected upon its sides at equal dis- 
tances from its vertex. 

344. To inscribe a circle in a triangle. 

Sol, (Fig. 133.) Bisect the angles A and B by- 
straight lines, which will intersect at O. From O let 
fall upon the three sides of the triangle, the perpendicu- 
lars OD, OF, and OE. A circle described from O as a 
centre, with a radius OD, OF, or OE will be the circle 
required. 

Defn. Angle ADO = AFO; angle DAO = FAO; 
AO=:AO; therefore triangle DAO = FAO; therefore 
OD = OF. 

Again, angle ODB = OEB; angle OBD = OBE; 
therefore DOB = BOE, (198 5) OB=OB; therefore 
triangle OBD = OBE ; consequently OD = OE. Thus 
OD = OE = OF, and a circle described froni O, with a 
radius OD, will pass through the. points D, E, and F. 
The radii are perpendicular to the sides of the triangle 
at these points, therefore the sides are tangents to the 
circle, (170.) 

34cS. To describe a circle whose circumference shall 
touch the circumference of another circle at a given point 
A, and shall also pass through a given point 0, (fig. 
134.) 

Sol, Draw OA, and produce it indefinitely. Draw 
AG and bisect it at B. At B erect a perpendicular 
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which will intersect OA produced at D. The point D 
is the centre of the required circle, and DA is a radias. 
Dem. By construction BA = BC; BD==BD; an- 
gle ABD=CBD; therefore triangle ABD = CBD; 
therefore AD=CD; therefore a circle described from 
D as a centre, with radius DA, will pass through po^ts 
A and C, and is therefore the circle required. 



Yll. Or Proportions. 

1. Or GlOMRTRICAL PROPORTIONS IN GeNBRAL. 

S46« The term ratio is used to denote the compara- 
tive magnitude of two quantities ; for example, if one 
line is 2 inches long^ and another line is 12 inches long, 
we say the lines are to one another in the ratio of 2 to 
12, or of 1 to 6 ; that is, one is six times as great as the 
other. Two equal ratios form a proportion. If any 
quantifyis contained in a second quantity, as often as a 
third is contained in a fourth, these four quantities fonn 
a geometrical proportion. For example, (fig. 142 ;) in 
the triangles ABC and DEF, let DE=:2 AB, and DP 
= 2 AC, and EF = 2 BC, we should have these propor- 
tions ; 

DEyAB = KP:BC 

EF:BC = DF:AC 

DE : AB = DP : AC 
which we should read thus ; 

DE is to AB as EF is to BC, &c., 
meaning that the quotient of DE'divided by AB is equal 
to the quotient of EF divided by BC. The first term 
of each ratio is called the aniecedent, the second term is 
the consequent. The first and fourth terms of a propor- 
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tion are called the extremes ; the second and third terms 
are the means. If the same quantity is taken twice as 
a mean it is called a m>ean proportional between the 
extremes. 

A proportion is the equality of ratios ; hence two or 
more ratios are required to form a proportion. Propor- 
tion does not require the equality of the quantities, but 
the equality of the ratios ; hence two lines may form a 
proportion with two surfaces ; for one line may be con- 
tained as often in the other line, as one surface in the 
other surface. 

347. As a ratio expresses the number of times that 
one quantity is contained in another, it may be repre- 
sented in the form of a fraction. Let us substitute 
numbers for lines, ^ = 3^. Now let us reduce these 
fractions to a common denominator and we shall have 

4><12_ 82<6 No,, o^it the common denominator, 
6 X 12 12 X 6 ' 

and we have 4 X 12 = 8 X 6 ; that is, the product of 

the extremes is equal to the product of the means. This 

proposition is true of all proportions, and may be used 

as a test to ascertain if a proportion exists. 

348. If all the terms are of the same kind, for ex- 
ample, all lines, or all numbers, we may transpose the 
means, and yet keep the proportion ; thus, 4 : 6 = 8 : 12 
gives the new proportion 4 : 8 = 6 : 12, by transposition, 
as it is called. Or,^ we may get a new proportion by 
inversion, that is, by changing the places of the terms 
of each ratio ; thus, 6 : 4 = 12 : 8. There are other 
changes which may be made without destroying the 
proportions, and t^ev will be mentioned as occasion re* 
quires their use. , / 
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3. Or Similarity of Fioukbs. 

34L9. Figures are similar which have the same form, 
whether they are equal or unequal in magnitude. Fig- 
ures may he similar in form, and yet he very different 
in magnitude ; or they may be equal in magnitude, and 
yet be very different in form. • 

Figures are similar when their corresponding angles 
are equals and a proportion exists between their homolo- 
gous sides. By homologous sides are meant those 
which have the same position in the different figures 
with respect to the equal angles. The angles which 
are equal in the different figures are also called homolo- 
gous angles. 

Neither the equality of the angles, nor the propor- 
tion of the sides, will alone constitute similarity of 
figures, but the combination of the two, (fig. 135.) If 
the figures ABCD and EFGH are similar, then angle 
A = E, angle B = F, angle C = G, angle D = H, and 
these proportions exist : 

AB : EF = BC : FG 

BC:FG = CD:GH 

CD:GH=DA:HE 

DA:HE = AB:EF 
Also, by transposition, 

AB:BC=EF:FG 

BC:CD = FG:GH 

CD:DA==GH:HE 

DA:AB==HE:EF 

In these figures angles A and E, B and F, C and G, 

D and H have the same position ; and the sides AB and 

EF, BC and FG, CD and GH, DA and HE have the 

same position with respect to these angles. 

The figures would not be similar if other angles, not 
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homologous, were equal, and other sides, not homolo- 
gous, were proportional. If, for instance, angle A = 
angle E, angle B = angle G ; or if the proportion were 
AB : EF = BC : GH. 

3. Trianoles. 

290. What ratio do the triangles ABC and DCE, 
(fig. 136,) which lie between the same parallels^ that is, 
have an equal aliiiude^ bear one to another ? or in other 
words. How often is the surface of triangle ABC con- 
tained in the surface of triangle DCE 7 Or, What two 
other quantities are contained as often one in the other as 
triangle ABC is contained in triangle DCE? 

Ansicer, Apply the base BC to the base CE as often 
as it can be applied, suppose 2^ times, and join the 
division points F and G with the vertex D; then is 
triangle ABC= triangle DCF = triangle DFG = 2 X 
triangle DGE. Triangle ABC is contained 2^ times in 
triangle DCE ; that is, just as often as the base BC is 
contained in the base CE. Thus we have triangle 
ABC : triangle DCE = BC : CE ; that is, Triangles of 
equal altitude are to each other in the ratio of their 
bases. If 2 triangles have equal altitudes, and the base 
of the one is 2, 3, 4, 10, J, § times as large as the other, 
then is the surface of the one triangle contained 2, 3, 4, 
10, J, I times in the surface of the other. 

SSI. Triangles are halves of parallelograms having 
an equal base and an equal altitude, (ItMj) and 
since the ratio of the halves and of the whole quanti- 
ties must be the same, therefore parallelograms of equal 
altitude are to one another as their bases. 



134 COMPARISON AND MENSURATION. 

303. (Pig. 137.) If the triangles ABC and DBO 
have equal bases, or a common base EC, what is the ratio 
of triangle ABC to triangle DBC ? 

Answer, Erect upon BC, at the point B, the perpen- 
dicular BF. Through the points A and D draw lines 
parallel to BC and intersecting BF at the points E and 
F ; then BE is the altitude of the triangle ABC, and 
BF is the altitude of triangle DBC. Draw EC and 
FC. Triangle ABC is equivalent to EBC, and triangle 
DBC is equivalent to FBC, (158.) We may there- 
fore compare together triangles EBC and FBC, instead 
of the triangles ABC and DBC. 

Now the triangles EBC and FBC have a common 
altitude BC ; they are to one another therefore as their 
bases BE and BF ; thus we have the proportion, 

EBC : FBC = EB : BF. 

It is a principle of geometrical proportions that equal 
quantities may be substituted one for the other. We 
have therefore the proportion, 

Triangle ABC : triangle DBC = EB : BF ; 
that is, Triangles having equal bases are to each other 
as their altitudes, 

3S3. Cor, Parallelograms having equal bases are 
to each other as their altitudes, 

3tML« What ratio do the triangles ABC and DEF 
(fig. 138) bear to one another, the base and altitude of the 
one being respectively unequal to the base and altitude of 
the other ? 

Answer. From the vertex of the angle A let fa^l 
upon the opposite side BC the perpendicular AG ; and 
from the vertex of the angle D let fall upon the oppo- 
site side EF the perpendicular DH. 
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Construct a third triangle with a base MN=£sBC, and 
an altitude NO = DH. 

Let us compare together the triangles OMN and ABO, 
-which have equal bases, and the triangles OMN and 
DEF, which have equal altitudes. We thus find the 
ratio which two quantities each bear to a third quantity, 
and this being known, we can find the ratio which they 
bear to each other. 

Triangle ABC : triangle MNO ==: AG : ON, .. ^ 
- Triangle MNO : triangle DEF = MN : EP. 

Two proportions may be multiplied together^ term by 
term, and the products will form a new proportion. 

Therefore triangle ABC X triangle MNO : triangle 
MNO X triangle DEF = AG X MN : ON X EF. 

If both the term3 of a ratio be divided by the same 
number, the ratio remains unchanged. 

Therefore ABC : DEF == AG X BC : DH X EF, 
that is, Triangles having unequal bases and unequal 
attitudes, are to one another as the products of their bases 
multiplied by their altitudes, \^/ 



y 



QSS* From the preceding propositions may be de- 
duced the general proposition, tfiat triangles are to one 
another as the products of their bases mtdtiplied by their 
altitudes. 

This proposition may be deduced immediately from the 
method of calculating the area of a triangle, (161 •) 

rr^ • 1 A Dr. BCXAG^. . r\^^ EFxDH; 
Triangle ABC= ^ ; triangle DEF = Cl 1 

therefore, 

1 A or. * • 1 t^t:^t:i BC X AG EF X DH 

triangle ABC: triangle DEF= -^ : 1> — _• 

Or, ABO : DEF = BO X AG : EF X DH. 
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If the areas of the triangles ABC and DEP 
are equal, then BC X AG = EF X DH. We have 
here two equal products ; and the factors of such pro- 
ducts, being transposed, form a proportion. 
Thus, BC : EF = DH : AG. 
That is, If two triangles have equal areas, their bases 
are to one another in the inverse ratio of their altitudes, 
and the altitudes in the inverse ratio of the bases. For 
example, if in two triangles having equal areas, the 
base of one is double that of the other, then the altitude 
of the last must be double the altitude of the first. 

3S7* Since triangles are the halves of parallelograms 
of equal bases and equal altitudes, and halves are to one 
another as their wholes; XheTefore, parallelograms are to 
one another as the products of their bases multiplied by 
their altitudes; and in parallelograms having equal 
areas the bases are to one another in the inverse ratio of 
the altitudes ; and the altitudes are to one another in the 
inverse ratio of the bases. 

Example, If the base of a parallelogram is 12 feet, 
and its altitude 8 feet, what is the altitude of an equiva- 
lent parallelogram, whose base is 20 feet ? 

Answer. 20 : 12 = 8 : ~^ = 4* feet. / 



/ 



3S8* Draw a straight line DE, intersecting two 
sides of the triangle ABC, and parallel to the third side 
BC ; what ratio do the parts into which the sides are 
divided bear to one another, and to the entire sides 7 
(Pig. 139.) 

Sol, Draw DC and EB. The triangles DEC and 
EDB have a common base and an equal altitude, they 
are therefore equal in area. For the same reason tri- 
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angle EBC = DBG. Equals added to equals give 
equals; therefore DEC + ADE = ADC = EDB + 
ADE = AEB. 

Equal quantities bear an equal ratio to equal or the 
same third quantities; or/ a third quantity bears the 
same ratio to two equal quantities. 

Thus ADE : DEC = ADE : EDB 
But ADE : DEC = AE : EC {9SO) 
And ADE:EDB = AD:DB (390) 
Therefore AE : EC = AD : DB ; that is, the parts of 
one side are proportional to the parts of the other side, 
directly. 
Again, triangle ADC = AEB, therefore 
ADC : ADE = AEB : ADE. 
From this we may deduce the proportion, 

AC:AE=AB:AD. 
And, because triangle ADC =s AEB and triangle DEO 
= EDB, therefore 

ADC : DEC = AEB : EDB ; 
from which we may deduce the proportioh, 

AC:EC = AB:DB. 
That is, Each entire side is to one of its parts, as the 
other entire side is to its corresponding part, 

3s99. By the transposition of the middle terms of a 
proportion, a new proportion may be formed ; and thus 
in the figure under examination many more proportions 
may be proved to exist : 

Thus, AB:AD=AC:AE 

AB:AC=AD:AE 

AB:BD = AC : EC 

AB:AC = DB:EC 

BDrDA^CE : EA 

BD:CE = DA:EA 
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We will now seek the ratio which the base of 
the triangle bears to the parallel line intersecting the 
sides. 

(Fig. 140.) Draw EG parallel to AB. From the 
preceding proposition we get the following proportion, 

CB:CA = GB:EA 
Now GB = ED, being opposite sides of a parallelogram, 
therefore CB : CA = ED : EA 
by transposition CB : ED = CA : EA 

But CA : EA ^ BA : DA (9S8) 
therefore CB : ED = BA : DA 
that is, the base of a triangle is to the parallel line inter^ 
cepted by the other sides^ as one of those sides is to thai 
part of it cut off by the parallel which lies next to the 
vertex of the triangle^ // 

961* To find a fourth proportional line to three given 
lines, 

Sol. Let M, N, and O be the given lines, (fig. 141.) 
Draw two indefinite straight lines making any angle with 
each other. In one of them take AB=M, and BC=N. 
In the other take AD=0. Draw BD, and through 
draw CE parallel to BD. DE is the line required. 

For, BD is parallel to CE, 

therefore AB : BC = AD : DE 
that is, M : N = O ; DE 



Remark 1. If N and O are equal, the required 
line will be a third proportional to the lines M and N. 

2. If M and N are equal, O will be equal to the 
required line. 

963« If the sides of an angle are divided proportion^ 
cUly, the straight lines joining the division points vnll be 
paraUel. 
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(Pig. 141.) If AC : AB = AE : AD 
then BD is parallel to CE. 

Dem. If BD is not parallel to CE, then a line may 
be drawn which shall be parallel ; suppose it to be BX. 

then AC:AB = AE:AX 
But by supposition AC : AB sc=: AE : AD 
therefore AD = AX, which is impossible. 
Therefore BD is parallel to CE. 

CondUwns whkh deternUne the similarity of two Triangles. -^^ 

964. 'jTivo triangles are similar, if two angles of the 
one are equal to two angles of the other, each to each, 

Dem. Let angle B = E, and C = F, (fig. 142.) 
Since two angles of one triangle are equal to two angles 
of the other, the third angle of the one must be equal to 
the third angle of the other, (198.) Consequently all 
the angles of the one are equal to the angles of the other, 
each to each. 

To ascertain the proportionality of the sides, let us 
suppose the triangle ABC to be placed upon DEP, so 
that AB shall fall on DE, AC on DP, and BC on GH. 
Triangle ABC = DGH, (4M»5) consequently angle 
ABC = DGH, and angle ACB = DHG. But angle 
ABC = DEP, therefore DGH = DEP,) -ttSTj) there- 
fore GH is parallel to EP.^/ « '}] 

Therefore DG ) „ ^^ ^ ^^ 

, . o / : DE = or V : DP 
or Its equal AB I 



DE == or V : EP 
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EP = or V : DP 
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Thus the homologous sides of the two triangles are 
proportional, and since the homologous angles are equal, 
the triangles are similar. 

fMS. Two triangles are similar, if the sides of one 
are proportional to the homologofus sides of the other, each 
to each, and the included angles are equal, 

Dem. (Fig. 142.) Suppose AB : DE = AC : DP 
and angle A = D. Place the triangle ABC upon EDF 
so that point B shall fall on G, and point C on H. 
Then is triangle ABC = DGH, (136 j) therefore BC = 
GH, angle ABC = DGH and ACB = DHG. 

By supposition AB : DE = AC : DF 
therefore DG : DE = DH : DF 
therefore GH is parallel to EF; therefore angle DGH 
= DEF and angle DHG = DFE^ (108 j) conse- 
quently triangle DGH co DEP; therefore triangle 
ABC CO DEF. 

966* Remark. The sides which are opposite to 
equal angles are proportional; and the angles which 
are opposite to proportional sides are equal. 

267, Two tnangles ABC and DEF (fig. 143) are 
similar, if the three sides of the one are proportioned to 
the homologous sides of the other, each to each. 

Dem. Since the sides of the two triangles are by- 
supposition proportional, we have to seek only for the 
equality of the homologous angles. It will be sufficient 
to demonstrate that one angle of the one triangle is equal 
to the homologous angle of the other, for then, by the 
preceding proposition, the triangles will be similar. 

Upon EF at the point E make an angle FEG= ABO ; 
and at the point F make an angle EFG = ACB. Tri- 
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angles ABC and GEF are similar, (964 5) therefore 
angle A== G. We have therefore the proportion ; 

AB : BO = GE : EP 
But AB : BC = DE : EP 
therefore GE : EP = DE : EP 
therefore DE == GE. 

Again, AC : CB = GP : PE 

but AO:CB = DP:PE 

therefore GP : PE = DP : PE 
therefore DP = GP. 

Now EP=EP, therefore triangle GEP = DEP; 
therefore angle G = D. But angle G==A; therefore A 
= D. Consequently ABC co DEP. 

368. Remark. In the triangles ABC and DEP the 

proportional sides are opposite to the equal angles. 

S69. Prom the preceding propositions we learn that 
the similarity of two triangles may be inferred; 

1. If two angles of the one are equal to the homolo- 
gous angles of the other, each to each. 

2. If two sides of the one are proportional to the 
homologous sides of the other, and the included angles 
equal. 

3. If the three sides of the one are proportional to the 
homologous sides of the other. 

We also leam that in similar triangles the equal 
angles are opposite to the proportional si(^s, and the 
proportional sides to the equal angles! ^^^ 

4. Miscellaneous Propositions. 

^ .)^6. To construct upon the base BC a triangle which 
shall be Hmilar to a given triangle, DEP, (fig. 143.) 
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Sol At the point B in the line BC make an angle 
ABC equal to FED, and at the point C make an angle 
ACB = EFD; then are triangles ABO and EFD simi- 
lar, (364.) 

371« To determine the distance AB, (fig. 144,) which 
cannot be directly measured. 

Sol. Mark out a straight line AC, and take in it any 
point D. Measure angle A, and at D make the angle 
CDE = A. Produce DE imtil it meets a supposed line 
in the direction CB at the point E. We shall thus have 
triangle CDE. Since angle A = D therefore DE is 
parallel to AB ; therefore CD : CA = DE : AB. 

The three lines CD, CA, and DE may be measured; 
and therefore we can find AB. For example, if CD 
= iCA, then DE = i AB. Take the length of DE 
four times and we have AB. 

373. To prepare a scale cf equal parts, (fig. 145.) 
This is a scale upon which straight lines or lengths 
are divided into a certain number of equal parts. It is 
used in drawing upon paper representations in a reduced 
size of lines and figures. Suppose it is required to draw 
a plan of a field having five sides; that is, to construct 
a pentagon similar to the field. It would not be con- 
venient to construct upon paper a pentagon whose sides 
should be equal to those of the field; neither is it 
necesisary so to do ; we have only to make the angles 
upon paper equal to the corresponding angles in the 
field, and to draw the sides upon paper in the same ratio 
to each other as the sides of the field. Any length may 
be taken to represent a rod or a foot. Suppose one side 
of a field is 10 feet 9 inches in length, and that the dia- 
gram is to be made upon a scale of one foot to an inch j 
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that is, one inch on paper is to be taken as equal to one 
foot in the field. Measure between the points of the 
compasses a distance equal to 10 inches, and this will 
represent the 10 feet, then if the inches on the scale are 
divided into 12 equal parts, extend the opening of the 
compasses by a distance equal to 9 of these parts, for 
each of the parts represents one inch. Draw upon 
the paper an indefinite line, and take in it a part 
equal to the opening of the compasses. The use of a 
scale of equal parts is to enable us to construct small 
figures similar to great figures. To construct a scale 
of equal parts, some one imit of length, for example an 
inch, is taken as the basis, and several of these units 
are marked upon the rule, or the paper on which the 
scale is to be made. One of the extreme divisions is 
again divided into many equal parts. The unit as- 
sumed as the basis is generally small, and great accuracy 
is necessary in the division : if the division was made in 
the common mode, the marks would be so near one to 
another as not easily to be distinguished. A mode of 
division founded on the proportion of the sides of 
similar triangles has been adopted. In a straight line 
AB, (fig. 145,) take the parts AC, CD, DB, each equal 
to the unit of length assumed as the basis of the scale. 
Divide AC into 10 equal parts; then if AC = 1 inch, 
each of these parts will equal ^jy of an inch. Now to 
get the hundredths of an inch, construct upon AC any 
rectangular figure, for example the square AFMC. 
Divide each of the sides into 10 equal parts. Through 
the points of division of the lines AP and CM draw 
straight lines parallel to AC. Connect the division 
points of the lines AC and FM by diagonal lines ; that 
is, connect 10 in one line with 9 in the other ; 9 in one 
line with 8 in the other, &c. By the construction MN 
= tVAC, 24* 



/ 
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therefore MN : OP = MC : OC = 10 : 9 ; 
that is, OP = Vt MN, 

MN : QR = MC : QC = 10 : 8; 
that is, QR == ^ MN. 

In like manner it may be demonstrated that UV has 
7 of the parts of which MN has 10. Thus the extent 
MN is divided into 10 equal parts, and any one of these 
parts may be taken between the points of the com- 
passes with the greatest ease. If AC = 100 feet, and 
we have a line 256 feet in length to be marked o£f ; then 
extend the points of the compasses from 2 of the larger 
divisions to 5 on the 5th line of the subdivisions, that is 
on line GH. 

Let us suppose a field ABODE, (fig. 157,) is to be 
represented upon paper by a scale of 100 rods to an 
inch. We must first measure each of the sides and an- 
gles of the field. Suppose the side AB is 100 rods long ; 
draw the line a b one inch long, and it will represent the 
side AB. At b make, with a protractor, an angle equal 
to angle B, and this will give us the direction of the 
next side b c, which, if BO is 120 rods in length, will be 
1 inch and -^ of an inch. At c make an angle equal to 
C, and we shall thus get the direction of the next side. 
Proceed in this manner till the construction of the 
figure is completed The figure abode will be an 
accurate representation of the field ; for, by construction, 
the angles of the one are equal to the homologous angles 
of the other ; and the sides of the one are proportional 
to the homologous sides of the other. Therefore the two 
are similar figures. 



373. To find the perpendicular height BC of a totaer* 
when it cannot be directly measured^ (fig. 146.) 
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5W. 1. Measure upon the base of the tower the hor- 
izontal line AB. Draw upon paper the line ED repre- 
senting AB upon a reduced scale. Measure the angle 
BAG, and make upon the paper the angle EDF = 
BAG. Erect at E the perpendicular EF. The triangle 
DEF is similar to ABC, (264,) because by construc- 
tion angle EDF = BAG, and DEF = ABQ; 
therefore DE : EF = AB : BG. 
But DE, EF, and AB are known quantities, therefore 
BG may be known. If DE = } EF, then AB = f BG 
and BG = i AB ; suppose AB = 60 feet ; then BG = ^ 
X 60 = 80 feet. 

Sol. 2. Set up in the clear sunlight a perpendicular 
staff EF, (fig. 146.) Measure the length of the shadow 
ED which it casts. Measure also the length of the 
shadow which the tower makes at the same time. The 
rays of the sun's light may be considered as parallel ; 
therefore, these rays, that is, the lines GA and FD 
make equal angles with the horizontal lines BA and 
ED ; that is, angle GAB = FDE. Now angle GBA = 
FED, being right angles; therefore triangle GBAco 
FDE, 

therefore DE : EF = AB : BG, 
the height of the tower. That is, the length of the 
shadow of the staff is to the height of the staff as the 
length of the shadow of the tower is to the height of the 
tower. 

374. To find from the windows of a house the height 
of a7i object^ (fig. 147.) 

Let A and B be the windows, one of which is perpen- 
dicularly over the other, and GG the height to be found. 

SoL Measure from A, the angle GAE, which an 
imaginary line GA drawn from the top of the object 
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makes with the imaginary horizontal line AE. Mea- 
sure from B the angle CBD, made hy the imaginary 
line CB with the imaginary horizontal line BD. 

Now angle 
CAB = C AE + EAB = CAE + 1 R. A.= C AE + 90« ; 
and angle 
ABC = ABD — CBD = 1R.A. — CBD=90« — CBD. 

Now we know the angles CAE and CBD, and there- 
fore CAB and ABC may also be known; thus in the 
triangle ABC, the side AB and the two adjacent angles 
are known ; therefore we can construct a similar trian- 
gle ; and thus find the length of BC. We shall then 
know in the triangle BCD, the side BC and the angles 
CBD and CDB, (which is a right angle.) By means 
of these we can find the length of CD. Again, mea- 
sure from B the angle DBG, made b^ DB with an 
imaginary lineGB, drawn from the bottom of the object 
to the point B. In the triangle DBG the side DB and 
its adjacent angles are known; we can therefore find 
the length of DG. Add DG to CD and we shall have 
the whole height required* 

ft7S. To find the height of an object which cannot be 
approached very nearly ; for example CD, (fig. 148.) 

' SoL In the direction AD, measure the line AB. 
Measure also the angle CAB and CBD. By means of 
the scale of equal parts draw upon paper the line EF to 
represent AB. Make the angle FEG == CAB. Pro- 
duce FE and make the angle GFH = CBD. From 
the point G let fall the perpendicular GH. 
^ Triangle EFG co AB^ therefore we have the pro- 

portions, 

EF:FG = AB:BO, 
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which gives us the length of BC, 

and FG:GH = BC:CD, 
which gives us the required height. 

376« To find the distance AB between ttvo inacces- 
sible objects^ (fig. 149.) 

Sol. Take a straight Hne CD, from each end of 
Tirhich both objects A and B can be seen. Measure the 
line CD, and also the angles ACD, BCD, ADC, BDC. 

In the triangle ACD, the side CD, and the adjacent 
angles are known, we can therefore construct a similar 
triangle upon paper and thus find the length of DA. 

In like manner we can find the length of DB, since 
we know the side CD and its adjacent angles in the 
triangle BCD. 

Angle BDA = BDC — ADC, we know therefore two 
sides and the included angle of the triangle ADB. 
From these parts we can construct upon paper a tri- 
angle similar to ADB, and by comparing it with tri- 
angle ADB can find the length of AB; which was 
required. 

977. To divide a straight line into any number of 
equal parts. 

We have frequently had occasion to divide lines into 
equal parts, and have done so directly with the com- 
passes. We will now do \t by a method which admits 
of the accuracy of the division being demonstrated. 
Suppose it is required to divide the straight line AB into 
6 equal parts, (fig. 150.) 

Sol. Draw the indefinite line AM, making any angle 
with the given line AB. Take any distance AC, and 
measure it off 5 times upon the leg AM. We shall thus 
have AC = CD = DE = EF = FG. Join the last divi- 
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sion point G with B, and through the other division 
points C, D, E, and F, draw straight lines intersecting 
AB and parallel to GB, AB will be divided into 5 
equal parts at the points of intersection H, I, K, and L. 
Dem. Since CH is parallel to DI, we have the pro- 
portion, 

AC : CD = AH : HI, (258,) 
AC = DC, therefore AH = HI. Again, DI is parallel 
to EK, therefore 

AD : DE = AI : IK, (9SS.) 

Since AD = 2 DE therefore AI = 2 IK. But ^ = 

HI = IK ; thus AH = HI = IK. By proceeding in a 
like manner, it may be demonstrated that AH s= HI = 
IK = KL=LB. 




978« From the vertex of the right angle of the right-- 
angled triangle ABC, (fig. 151,) let faU upon the hy^ 
pothenuse the perpendicular AD. 

The following propositions can now be demonstrated. 

1. The ttDo partial triangles ABD and ADC are 
similar to each other and to the whole triangle ABC. 

Dem. Angle BAC = BDA, being right angles ; an- 
gle B = B, therefore triangle ABC co ABD. It may be 
demonstrated in a like manner that triangle ADC co 
ABC, therefore ADC co ADB. 

2. Each of the sides AB and AC is a mean propor- 
tional between the whole hypothenuse and the portion of 
it, cut off by the perpendicular, which is adjacent to that 
side, 

Dem, In similar triangles the sides opposite to equal 
angles are proportional. In the triangles ABD and 
ABC, angle BAD = ACB ; thus BD and BA are homo- 
logous sides, and since angle BDA = BAC, therefore 
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BA and BG are homologous sides. Hence we have 
this proportion, 

BD:BA = BA:BC. 
From the similarity of the triangles ADC and ABC 
we have the proportion, 

CD:CA=CA:CB. 
3. The perpendicular AD is a mean proportional 
between the two parts into which the hypothenuse is 
divided. 
Dem. Triangle ADB co ADC, therefore, 

BD: AD=AD:DC; 
which was to be demonstrated. 

379* To find a mean proportional between two given 
straight lines M and N, (fig. 152.) 

SoL 1. In an indefinite straight line take AB = M 
and BC = N. Upon the whole line AC as a diameter 
describe a semi-circumference. At the point B erect a 
perpendicular intersecting the arc at D. BD is the 
mean proportional required. 

Dem. Draw the chords AD and DC ; angle ADC is 
a right angle, (174 j) therefore we have this propor- 
tion, (ars,) 

AB or M : DB = DB : BC or N; 
which was to be demonstrated. 

Sol 2. Take AC = M, and in this line take AB = 
N. Upon AC as a diameter describe a semi-circumfer- 
ence. At B erect a perpendicular which will intersect 
the arc at D. Draw AD, which will be the line re- 
quired. For triangle ADC co ADB, therefore 
AC or M : AD = AD : AB or N; 
which was to be demonstrated. 

380* Remark. We have here solved another prob- 
lem, namely, to transform a rectangle into an equwtdent 
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$quare. For in the first solution we have BD X BD=5 

BD = M X N, (347 }) that is, the square constructed 
upon BD is equivalent to a rectangle of which M and 
N are adjacent sides. In the second solution we have 

ad''=mxn. 

381. WhcU is the ratio of the perimeter of a triangle 
ABC to the perimeter of the similar triangle DEP7 
(fig. 153.) 

Sol. Triangle ABC co DEP, therefore 

AB : BC = DE : EF. 
In every proportion the sum of the 1st and 2d terms is 
to the 2d term as the sum of the 3d and 4th terms is to 
the 4th term ; a new proportion is thus formed by com^ 

position. 

Therefore AB + BC : BC = DE + EF : EF 
by transposition 

AB + BC : DE + EF = BC : EF 
But BC : EF = CA : FD 

therefore AB + BC : DE+EF = CA : FD 
by transposition AB + BC : CA = DE+EF:FD 
by composition 

AB + BC + CA : CA = DE + EF + FD : FD 
by transposition 

AB + BC + CA :DE + EF + FD = CA : FD. 
That is, the perimeters of similar triangles are to one 
another as their homologous sides. 

383. What is the ratio of the surface of the triangle 
ABC to thai of the similar tria?igle DEF ? 

Sol. Suppose triangle ABC to be placed upon DEF, 
80. that its sides shall exactly coincide with those of the 
triaiigle GEH. Then triangle ABC would be equal to 
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GEH. We may therefore substitute QEH for ABC in 
our comparison. 

Angle DFE = GHE, therefore GH is parallel to DP, 
(113.) Draw GF; we thus have a third triangle 
GEF. 

Triangle GEH : triangle GEF == EH : EF {QSO) 
triangle GEF : triangle DEF == EG : ED (««») 

But EG : ED = EH : EF; 

therefore 
triangle GEP : triangle DEF== EH : EF, 

Two proportions may be mvUiplied together^ term by 
term, and a new proportion wiU thus beform£d. 

From the preceding proportions we have 

GEHxGEF : GEFxDEF = EHxEH : EFxEF. 

The terms of either ratio may be divided by the same 
quantity, without destroying the proportion ; hence we 
have 

GEH : DEF = Elf : Ef"" . 

Triangle ABC = GEH, and EH*= BC^; therefore 

triangle ABC: triangle DEF = BC^: EP^; 
that is, the surfaces of similar triangles are to each other 
as the squares of their homologous sides. For example^ 
if BC = i EF then triangle ABC = i DEF. 

If the homologous sides of two similar triangles are 
to one another 

as 1 to 3, the surfaces will be as 1 to 9 
2 " 7 " " 4 " 49, &c. 

983. The homologous sides of similar triangles are 
to one another as the square roots of the surfaces of the 
same triangles. 

If the surfaces of two similar triangles are to one an- 
other 

15 
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as 1 : 4, the homologous sides will be as 1 : 2 
1:9 " " " 1:3 

36:100 " " " 6:10, &c. 

6. Polygons in General. 

384. If the polygons ABCDE and a b c d e, (fig. 
154,) are similar to each other, angle A = angle a, angle 
B = 6, &c., &c. ; the two polygons will be divided by 
homologous diagonals into similar triangles; that is, 
ABC CO a 6 c ; ADC coadc^ and ADE co a d e. 

Dem. Angle ABC = abc and the sides AB and BC 
are proportional to the homologous sides a b and b c, 
therefore tringle ABC co a i c. 

Again, triangle ABC c/yabc, therefore angle ACB = 
acb; angle BCD t=zbcd ; therefore angle BCD — ACB 
= ACD = b c d — ac b = a c d. Since triangle ABC 
Koab c, 

therefore BC : bc = AC : a c 
by supposition BC : bc = CD : c d 
therefore AC : ac= CD : c d 
consequently triangle ACD a> a cd. In a like manner 
it may be demonstrated that triangle AED coaed. 



;. (Fig. 154.) If the triangle ABC co a 6 c, ACD 
CO a c d and AED co aed, and these triangles are placed 
together in a similar order, so that the sides and angles 
of one set shall- correspond in position with the equal 
angles and proportional sides of the other set, then the 
entire figure ABCDE will be similar to the entire figure 
ab c d e.' 

Dem. Triangle ABC coa b c ; ACD coa cd; ADE 
C0ia de; consequently angle ABC = ab c ; angle BCA 
sssbca; angle ACD == a erf; therefore angle BCA-f- 
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ACD = BCD = angle bca-\-a cd=sbcd. The equal- 
ity of the other homologous angles in the two polygons 
can be demonstrated in a similar manner. 

Since the triangles are similar, we have the following 
proportions among the sides ; 

AB : ab = BC:bc 

BC:bc'=CA:ca 

OA : ca = CD: cd 

therefore EC : b c = CD : c d 

Again CD: cd=J)A: da 

DA:da=DE:rfe 

therefore CD : c d = DE : d e 

Again DE : d e = EA : e a 

EA; e a = AD:ad 

= BC:dc 

= C A : c a 

= AB :ab 

Consequently in the two polygons not only are the 

homologous angles equal, but the homologous sides are 

proportional, therefore the polygons are similar-vV^ 

386* (Fig. 155.) To construct upon the line 
FG a figure which shaU be similar to a given figure 
ABODE. 

Sol 1. Divide ABODE by diagonals into 3 trian- 
gles; then beginning upon the line FG, construct 3 
triangles similar to those of the polygon, and similarly 
disposed. For example, suppose FG to be homologous 
to AB, and upon it construct a triangle similar to ABC ; 
then upon the side of this triangle which is homologous 
to side AC, construct a triangle similar to ADC ; then 
upon the side of this second triangle which is homolo- 
gous to side AD, construct a triangle similar to ADB, 
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and this will complete the figure, which will be similar 
to ABODE. 

Sol. 2. Produce AB to H,^ taking AH =;= FG. 
Produce the diagonals AG and AD, and the side AE. 
Draw HI parallel to EC, IK parallel to. CD, KL par- 
allel to DE. The required figure will be constructed. 
If FG is less than AB, so that the point H falls be- 
tween the points A and B, the problem would be solved 
by drawing lines parallel to the sides of the given 
figure. 

387. To construct a diagram of a field upon a re- 
duced scale. 

If the field can be measured in all directions from 
the inside, then divide it by diagonals into rectilineal tri- 
angles and measure all the sides of these triangles. 
Represent these triangles upon paper on a reduced 
scale in the same relative position that they occupy in 
the field, and thus the problem will be solved. 

If the field cannot be measured from the inside, (as a 
piece of woodland,) but can be readily reached upon the 
outside, then measure all the sides of the perimeter, and 
all the angles. Draw the sides on a reduced scale upon 
paper, joining them together in their natural order, so as 
to form together the measured angles. 

388* Suppose ABCDE oia b c d e, what is the ratio 
of AB + BC + CD-}-DE + EAtoa6-f-6c-}-crf-f 
de + ea? (fig. 154.) 

Answer. 
AB : a 6 = BC : 6 c = CD : c rf = DE : rf e = EA : e a. 

This is called a continued proportion^ being a series 
of equal ratios. 

In every continued proportion the sum of all the ante* 
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cedents is to the sum of all the consequents cis one ante^ 
cedent is to its consequent. 

Therefore AB + BC + OD+DE + EA : ai+6c + 
cd '\'de^ea = AB:ab x=z BC : be; that is, the pe- 
rimeters of similar figures are to each other as their ho- 
mologous sides. 

380. What ratio does the surface of ABODE bear to 
that of abode? (Fig. 154.) 

Sol. Divide the similar figures ABODE and abode 
by homologous diagonals into similar triangles. We 
then have. 

— ^ 2 

triangle ABO : triangle abc = AO : a c (383) 

2 — 2 

triangle AOD : triangle acd= AO : a c 

therefore, 
triangle ABO : triapglea6c= triangle AOD : triangle a ccil. 
Again, 

2 — 2 

triangle AOD : triangle acd = AD : ad 

_ — 2 -2 

triangle ADE: triangle ade=^AD : ad 

therefore, 
triangle AOD : triangle a crf= triangle ADE: triangle ade. 

Because 
triangle ABO : triangle, a 6 c= triangle AOD: triangle 

a cd = triangle ADE : triangle ade 

therefore, 
triangle ABO + triangle AOD + triangle ADE : triangle 

abc-^ triangle acd-{- triangle ade= triangle ABO : 
triangle a 6 c= triangle ADO : triangle adc=: triangle 

3 g 2 2 

ADE: triangle ade= AB : a6=B0 : be , &c., that 
is, The surfaces of similar figures are to each other as 
the squares of their homologous sides. 

15* 
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Up(m the 3 sides of a right-angled triangle 
construct similar Jigures, in which the sides of the triangle 
shall be similarly disposed^ then the figure constructed 
up(m the hypothenuse wHl be equal to the sum of the fig-- 
ures constructed upon the two sides which include the 
right angle. Figure C = fig. A + fig. B, (fig. 156.) 

—2 . —-2 

Dem. Figure A : fig. B == side a : side 6 , 

—2 —2 —2 

therefore A + B:B = a +A : b 

—2 —2 

Again, B : C = 6 : c 

«-2 —2 — 2 

therefore A + B : C = a -j-b : c ; 

2 2 2 

a -^ b =iC , therefore A + B = C. 

391. To construct a figure which shall be similar to 
two given similar figures ABODE and abcde^ and shall 
be equivalent to both taken together, (fig. 157.) 

Sol. Make a right angle. Take one of the sides /^ 
equal to a side AB of one of the given figures, and the 
other side fh equal to the homologous side, a b, of the 
other given figure. Draw the hypothenuse h g, and 
upon this line h g construct a figure similar to ABODE 
and abcde, and in which the side hg shall be homolo- 
gous to the sides AB and ab. It has been demon- 
strated in the preceding proposition that the figure con- 
structed upon hg will be equivalent to both the figures 
constructed upon the sides fh and fg, or their equals 
AB and a i, taken together, v 

5. ClKCLES. 

39S* If two chords cut each other in a circle, the 
parts are reciprocally proportional, (fig. 158.) 

The part AE of the chord AB is to the part OE of 
the chord OD, not as the second part EB of the first 
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chord is to the second part ED of the other chord, but 
reciprocally as ED : EB ; that is, AE : CE = ED : EB. 
Dem. Draw DB and AC. We have angle AEC = 
BED; angle ACE =EBD; angle CAE=EDB; there- 
fore triangle AEC co triangle DEB ; therefore 

AE:EC = ED:EB, 
for they are homologous sides of similar triangles 

393« If two chords beiiig produced cut each other^ 
then the entire lines will be reciprocally proportioned to 
the parts without the circle, (fig. 159.) 

OA:OC = OD:OB. 
Dem. Draw AD and BC. Angle AOD= angle 
COB ; angle GAD == angle OCB ; therefore triangle 
OAD CO triangle OCB ; therefore 

OA:OC = OD:OB. 
The entire lines AO and CO are called secants. 

S(I4L. Tf the secant AC meets the tangent CD of the 
same circle, then is the tangent CD a mean proportional 
between the entire line AC and the part without the circle, 
(fig. 160.) 

Dem. Draw DB and DA. Angle DCB = angle 
DCA. The angle CDB = CAD, (178,) therefore the 
triangles CDB and CAD are similar. Consequently 
the homologous sides are proportional ; that is, 

CA:CD = CD:CB. 

ftOSm Ratio of the circumferences and of the surfaces 
of two circles. 

Every circle can be considered as a regular polygon 
with an infinite number of sides. Two circles can 
therefore be considered as regular polygons having an 
equal number of sides. Regular polygons having an 
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equal number of sides are similar, and therefore the 
circles can be treated as similar figures. The circumfer- 
ences and surfaces of circles will be to one another as 
the perimeters and surfaces of similar polygons are to 
one another, viz., as their homologous sides and the 
squares of those sides. The homologous sides of two 
circles are two chords subtending equal angles, by join- 
ing the extremities of which to the centre of the circle 
similar triangles will be formed. Therefore the two 
small chords will be to each other as the radii of their 
respective circles. Consequently tfie circumferences of 
two circles are to one another as their radii or diameters ; 
and their surfaces as the squares of the radii or of the 
diameters. 

If the radii of two circles are to each other as 
1 to 2 the circum'nces will be as 1 : 2 the surfaces as 1 : 4 
1 " 3 " " 1:3 " 1:9 

1 " 4 " " 1:4 " 1:16 

2^3 u u 2:3 " 4:9 

Conversely, the diameters and radii of two circles are 
to one another as the square roots of the surfaces. 

396* To describe a circle the surface of which shaU be 
equivalent to the surfaces of two given circles taken to^ 
gether. 

Make a right angle; let one of the sides be equal to the 
diameter of one circle, and the other side be equal to the 
diameter of the other circle ; draw the hypothenuse, and 
upon it as a diameter describe a circle, and this circle will 
be equivalent to the two given circles taken together. 
For all circles are similar figures, consequently the circle, 
whose diameter is the hypothenuse of a right-angled tri- 
angle, will be equivalent to both the circles whose diam- 
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eters are the sides which enclose the right angle taken 
togther. 

6. Solids. 

}t07* Ratio of two cubes. 
The solidity of a cube is the product of three equal 
factors, each of which is the measure of a side of the 
cube ; therefore the solidities of two cubes will be to each 
other in the ratio of these products ; that is, they will be 
to ecuih other as the cubes of their sides. If • the side of 
one cube is to the side of another cube as 

1 : 2 then their solidities will be as 1 : 8 
1:3 " " " 1 : 27 

1:4" " " 1 : 64 

3:4 " " '' 27:64 

Conversely, the sides of two cubes are to ea>ch other as 
the cube roots of their solidities. 

308« Ratio of two cylinders or prisms. 

The solidity of a cylinder is the product of its base 
multiplied by its altitude. Consequently the solidities, 
of two cylinders are to one another in the ratio of these 
products. If the altitudes of two cylinders be equal, 
the cylinders are to each other as their bases. If the 
bases be equal, they are to each other as their altitudes. 
If the solidities of two cylinders are equal, their bases 
are to each other reciprocally as their altitudes. 

309* Ratio of the superficial and of the solid contents 
of two spheres. 

Since the surface of every sphere is equal to 4 times 
the surface of a great circle of that sphere, therefore the 
surfaces of two spheres are to each other in the ratio of 
4 times the surfaces of their great circles, or in the ratio 
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of their great circles, and consequently in the ratio of 
the squares of their radii, or of their diameters. 

From what has heen said before, it follows (908^) 
that the solidity of a sphere whose diameter is D, is 
equal to the product of D X D X D X .623. The 
solidity of a sphere whose diameter is d is equal to the 
product ofdxdxdX .623. Consequently, the solidity 
of ihe two spheres will be to each other as D X D X D 
X .523 idxdxdx .523 ; that is, the solidilies of two 
spheres are to each other as the cubes of the diameters of 
the spheres, and, consequently, as the cubes of the radii. 

If the diameter of one sphere is 

1 and of another 2 their soUdities are as 1 : 8 
1 " 3 " 1:27' 

6 " 6 " 125:216 

Conversely, the diameters of two spheres are to each 
other as the cube roots of the solidities of the same spheres. 
It would be a great mistake, therefore, to infer that the 
surface or the diameter of the sun is 1,400,000 as great 
as that of the earth, because the sun is 1,400,000 as 
great as the earth. 

900. Ratio of the solidity of a sphere to the solidity 
of a circumscribed cube; that is, a cube the sides of 
which are each equal to the diameter of the sphere. It 
is evident that the solidity of such a cube would be 
greater than the solidity of the sphere, since the faces of 
the cube would be tangents to the sphere, and thus the 
sphere would be contained in the cube. What ratio will 
the solidity of the one body bear to that of the other? 

SoL Let us call the diameter of the sphere d, then 

will the solidity of the sphere = ^--t X -tt— , and the 

100 6 

solidity of the cube = ddd; consequently the solidity 
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of the sphere will be to the solidity of the cube of its 
diameter as ?i^ X ^: ddd=3U : 600 = 157 : 300. 

1U<J D 

301. Batio of the solidity of a sphere to the solidity 
of a circumscribed cylinder; that is, a cylinder whose 
altitude is equal to the diameter of the sphere, and 
whose bases are equal to great circles of the sphere. 

Call the diameter of the sphere d; then will its solid- 

3l4c^ddd . ,.,.^ /.^, ,. , 314 
ity = jgg X -g- ; the solidity of the cylinder = ttt^ X. 

. ; consequently the solidity of the sphere is to the 

solidity of the circumscribed cylinder, as 

3U dddSU ddd_ ^ 
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